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CHAPTER I 


Introduction 

1.1 Development of Coding Theory 

Digital information, its processing and communication are the dominant 
features of modern-day society. Digital information has become an asset 
not only to the educationist but also to people in all walks of life. Day by 
day, the human life is becoming more and more dependent on the 
computing and communication devices, in the form of computers, 
CD players. Modems, Routers, Gateways, Internet, Intranet and on 
communication techniques using microwaves, telephone lines, and 
satellite communication systems. Figure 1.1 illustrates a modem 
communication network. 



Figure 1.1: Modern Communication Network 
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Though the communication devices are highly reliable and still 
improving, yet because of disturbances in the environment in 
communication media, there is a likelihood of the corruption of the 
transmitted data, which may not be received as is transmitted. The 
discipline of error correcting/ detecting codes deals with techniques for 
encoding the to-be-transmitted data and decoding the received data so 
that the possibility of error is minimised. 

Shannon (1948) in his landmark paper “A Mathematical Theory of 
Communications” proved existence of error correcting/ detecting codes, 
that under suitable conditions, and at rates less than the channel 
capacity would transmit error free information for all practical 
applications. For details we may refer Gallager (2001), which 
incorporates detailed discussion of the Shannon theoiy and his life 
achievements. 

The theory of Error Correcting Codes was developed to achieve what is 
guaranteed by Shannon's fundamental theorem. However, to this day 
this aim of coding theory remains only partially fulfilled. Work in this 
area began with highly significant papers of Hamming (1950) and Golay 
(1949). The Classes of codes constructed by them present a very readable 
introduction to the philosophy of coding. Hamming (1950) introduced the 
basic concepts of linear parity-check matrix and a metric. Muller (1954) 
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notion of threshold decoding. They also gave some preliminary 
observations in respect of using algebraic notations in coding theory. 
Then came one of the most important achievements of coding theory 
through the work of Bose and Choudhary {I960) and Hocquenghem 
(1959) independently, providing thereby a general method of construction 
of binary codes capable of correcting multiple random errors. 

As the subject of error-correcting codes has arisen because of practical 
needs in the area of communication, it is important to evaluate the 
Performance of a Codeh In this direction earliest significant work has 
been done by Fano (1961), Gallager (1965), Shannon, Gallager and 
Beriekamp (1967). Minimum distance plays an important role in 
evaluating performance of codes. Notable contributions in terms of 
bounds on minimum distance have been made by Hamming (1950), 
Varshamov (1957), Gilbert (1952), Plotkin (1960), and Elias (refer, 
Peterson and Weldon, 1972). 

McEliece-Rodemich-Rumsey-Welch (1977) used linear programming 
techniques to derive the best upper bound on minimum distance for 
large code lengths. Perfect Codes, which are the best codes in respect of 


1 The performance of a code is judged either in terms of probability of decoding error 
when the channel for which the code is designed, is specified or in terms of minimum 
distance for random errors when the channel is not satisfied or in general in terms of 
correctable error patterns. 
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the performance of codes, remained a puzzle for quite some time. 
Tietavainen (1973} and Tietavainen and Perko (1971) ultimately settled 
the question of existence of perfect codes for Hamming metric. In case 
where it is difficult to find out perfect codes for some values of 
parameters n and d next best alternative is to find out maximum 
cardinality code. Ostergard (1999) suggests a method of finding 
maximum cardinality q-ary codes, which are denoted by Aq(n, d)2. 

A large number of important code constructions, including those of BCH 
codes, use the technique based on the roots of polynomials, which have 
coefficients in a Galois Field. Mattson and Solomon (1961) introduced a 
new technique now termed as associated polynomial approach to coding. 
Recently, Cleju and Sirbu (1998) present a new method for code 
construction, which neither used matrices nor polynomials. This implies 
the choice of codewords one by one, by means of a special selection 
algorithm (computer implementable). Using this method they obtained 
binary, non-binary and burst error correcting block codes. 

Shannon's theory has not only been a source of inspiration to the 
researchers in coding theory, but a source of frustration also, as for some 


2 Aq(n, d) denote the maximum cardinality of q-ary code with length n and minimum 
distance d 
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time no one was able to construct a family of Asymptotically Good 
Codes^. It is the asymptotically good codes, which have more practical 
value than perfect codes. In this sense, even the otherwise very good 
class of BCH codes are found to be weak (refer Lin and Weldon, 1967). 
First partial success in obtaining asymptotically good codes was achieved 
by Elias (1954) by using product code"^. 

Initially, major work in coding theory was in respect of only binary codes, 
however, the signified role played by non-binary codes in representing 
information much more concisely or economically, attracted the attention 
of researchers to non-binary codes. Though codes over non-binary 
alphabets have been designed for almost a decade, yet the metric used 
for these codes was similar to the one used for binary codes, namely 
Hamming Metric. Hamming Metric is the only possibility for binary 
codes. However in the case of non-binary codes there are many 
possibilities for metrics to suit various practical channels. 


3 Family of codes with error probability approaching zero and rate bounded away from 
zero, as guaranteed by Shannon. 

4 Let Cl be an (ni, ki) linear code and C2 be an (na, k2) linear code, then an (nin2, kik2) 
linear code can be formed such that each code word is a rectangular array of ni 
columns and n2 rows, in which every row is a code vector in Ci and every column is a 
code vector in C2, this two dimensional code is called product code of Ci and C2. (for 
details refer Lin and Costello, 1983) 
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Lee (1958) introduced first non-Hamming metric for non-binary 
alphabets known as Lee-metric, which is suitable for phase-modulation 
schemes. A number of good Lee-metric codes are presented in Berlekamp 
(1968) and in papers by Golomb and Welch (1968), Chiang and Wolf 
(1971) and Mazur (1973). Ahlswede, Bassalygo and Pinsker (1999) 
proved that for non-binary codes, generalized Hamming Bound is 
asymptotically sharp in some range of the code rate. Non-binary constant 
weight codes (CWC) play a very important role in coding theory in the 
sense that the decoding of such codes is relatively easy and less error 
prone. Svanstrom (1997) defined a lower bound on the size of ternary 
constant weight code. Fu, Klove, Luo and Wei (2001) generalized and 
improved the Svanstrom Bound. Duman and Kurtas (2001) develop 
Union Bounds^ for high rate linear codes used for partial response 
equalized channel with additive white Gaussian noise. 

Initially, major attention in coding theory has been devoted to the study 
of linear block codes correcting random errors due to noise in symmetric 
Hamming-metric channels. There have been significant contributions to 
other areas of coding theory also. MacKay (1999) defined MacKay-Neal 
codes which are shown to be "very good", in the sense that MacKay-Neal 
technique produces sequences of codes which, when optimally decoded. 


5 The Union Bound assumed uniform interleaving and based on an approximation, 
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achieve information rates up to the Shannon limit. This result holds not 
only for the binary- symmetric channel but also for any channel with 
symmetric stationary ergodic noise. 

Linear codes have many practical advantages and are easy to handle in 
view of the applicability of algebraic tools. However, non-linear codes have 
the advantage of having the largest number of codewords possible for a 
given length. Vasilyev (1962) constructed a class of single-error- 
correcting perfect codes, which contains both linear and non-linear codes 
in its definition and Hamming codes as a subclass. Different 
mathematical tools have been used in the construction of practically 
used codes, Hadamard matrices also provide one such useful tool in 
construction of non-linear codes. Bose and Shrikhande (1959) and 
Plotkin (1960) constructed binary codes from Hadamard matrices. 
Semakov et. al. (1969) generalized these constructions to fields with q 
elements. 

From practical experience, it was found that most of the errors that 
occur are in bursts. Abramson (1959), Reiger (1960), Melas (1960) laid 
the foundation for burst-error-correcting codes. The most successful 
early burst error-correcting codes were designed by Fire (1959). Forney 


which is valid for high rate linear codes. 
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(1971) contains a survey of early work in this area. Later, further studies 
in this area were carried on by Farrell and Hopkins (1982), Daniel (1985), 
Blaum, Farrell and Tilborg (1986, 1988), Overfed (1987), Abdel-Ghaffar, 
McEliece and Tilborg (1988), Blaum (1990), and Zhang and Wolf (1990). 

Further, from the point of view of coding and decoding efficiency, Knuth 
(1986) has designed a Balanced Code^ containing unequal length 
codewords, and developed a coding schemes in which each code word 
contain equally many O’s and I’s. The main reasons given are Serial 

Decoding Scheme'^ with k=2^ information bits and r check bits; and 

Parallel Decoding Schema with k=2'^-r-l information bits and r check 
bits. The Parallel Decoding Scheme is much faster than the Serial 
Decoding Scheme. Al-Bassam and Bose (1990) show that balanced code 

with 2^ (or 2'^-l) information bits for r even (or r odd), where r is the 
number of check bits using parallel decoding scheme can be designed. 


6 Balanced Codes have the property that no code word is “contained” in another; i.e., 
the positions of the I’s in one codeword will never be a subset of the positions of the 
1 ’s in a different code. 

In Serial Decoding, the check represents the weight of the original information word. 
The decoding of the received word is done by complementing, first one bit, if required 
two bits, if further required three bits and so on until the weight of the information 
word is equal to the values represented by the check. 

8 In Parallel Decoding Method, the check directly indicates the number of information 
bits complemented and hence at the decoder side the original information word can 
be obtained by complementing this number of bits in parallel i.e., all these bits can be 
complemented simultaneously. 
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These codes are very useful in encoding of unchangeable data on laser 
disk. 

Spielman (1997) presented a new class of asymptotically good, linear 
error-correcting codes. Codes, which can be both, encoded and decoded 
in linear sequential time and logarithmic parallel time with a linear 
number of processors and which present both randomized and 
systematic constructions of these codes. Another important step in the 
construction of such codes is the introduction of error Reducing Codes^. 

In many space and satellite communication systems Convolutional 
Coding^^ with hard-decision^^ and soft-decision^^ viterbi decoding has 
been applied. Viterbi decoding of convolutional codes can also be used in 
concatenate coding scheme with Reed- Solomon code. Unit Memory 
Convolutional (UMC) Codes were introduced by Lee (1976) and Lauer 
(1979) which were found to be an interesting alternative to the usual 


9 Reducing Codes are codes, which have a decoder that can very quickly remove a 
constant fraction of the errors from a corrupted codeword. 

10 The set of encoded sequences produced by a fc-input, n-output encoder of memory 
order m is called an (n, k, m) Convolutional Code (refer Peterson and Weldon, 1972). 

11 In a Hard-decision decoding the receiver decides whether each transmitted symbol is 
a 0 or a 1 and the received vector is a binary (0 or 1) sequence. 

12 In a Soft-decision decoding the receiver generates some analog information on each 
received symbol and the decoder recovers the message from the analog or quantized 
received vector. 
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convolutional codes, as they can have larger free-distance than the usual 
multi-memory convolutional codes (MMC) with the same rate and the 
same number of memory elements in the encoder. It is useful because 
their block length can be chosen to agree with the word length of 
computers or microprocessors that are used in the decoding and 
encoding equipment. Lee gave a table of short UM codes and a single 
upper bound on their Free Distance^^. Thommesen and Justesen (1983) 
studied the distance property of UMC and derived their upper and lower 
bounds. These bounds indicate that in many cases of interest, UMC may 
be expected to have superior properties. Justesen, Paaske and Ballan 
(1990) suggest a class of UMC codes that are defined by generator 
matrices composed of circulant sub-matrices and are better in the sense 
that the structure of these codes facilitates the analysis as well as an 
efficient search for good codes. In analogy with the well-known class of 
block codes, they refer to these codes as Quasi-Cyclic UMC (QCUMC). 
Forger (1995) described a new construction of Unit Memory Code that 
are based on Reed Solomon Code having the same free-distance. 

Thinking about coding and its effect on bandwidth was quite a 
revolutionary idea given by Ungerboeck. It is probably fair to say that the 
Trellis Coded Modulation (TCM) schemes suggested by Ungerboeck (1982, 


Free Distance is dejSned at page 27. 
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1987), captured the attention of the modulation community and inspired 
wide- spread practical applications as well as intensified the research in 
this area. Ungerboeck showed how coding gains of order 3 dB could be 
obtained with a simple four state codes. Calderbank and Sloane (1986), 
developed eight dimensional trellis codes and a new class of trellis codes 
based on the concept of Lattice and Coset^"^. 

Wei (1987)15, developed trellis coded modulation with multidimensional 
Constellation^^ and schemes that performed better for the same 
complexity than two-dimensional schemes. Survey in this respect by 
Forney (1988) is quite useful. Dillcen and Lindsey (1997) presented a 
new and novel technique known as Codec^'^ (coder-decoder) which 
combines trellis coding with an m-ary orthogonal modulation for 
application in Wideband Channels. The novelty of the technique lies in 
the fact that current popular coding schemes which combine coding and 
modulation, such as trellis coded modulation (TCM), have only been 
applied to Narrowband Channels. 


Development of coded modulation scheme for band-limited channels. 

15 This paper has been awarded “The Information Theory Society Award” in 1987. 

15 Such schemes involve selecting sequence of signals from redundant signal sets. 

i'7 The Codec provides satisfactory bit error rates at lower transmitted signal power 
levels. • 
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Linear block codes can be designed to have powerful error-correcting, 
and error-detecting capabilities, and can be encoded and decoded 
efficiently due to their elegant algebraic structures. However, they 
usually possess undesirable DC-Properties. Line codes (or transmission 
codes) on another hand are designed to have a zero dc-component and 
limited Run Length^ ^ to aid in the receiver synchronization and detection 
processes, but typically offer little or no error-control capabilities. The dc- 
free attribute can be achieved by strongly bounding the running disparity 
of the transmitted sequence. The disparity of the codeword is the 
difference between the number of Ts and the number of O’s. Deng and 
Herro (1988) constructed a class of codes, which met the dc-constraint 
and the error-correcting requirements. Because of the simplicity of 
encoder and decoder design it can be used for high-speed digital 
communication. Further, Oreilly and Popplewell (1990) corrected and 
refined the disparity and run length or Running Digital Sum (RDS). 
Later, Jeong and Joo, (2000), by using Trellis and multilevel code 
structure defined a class of DC-free codes. Chiu (2001) proposed a new 
construction of DC-free error-correcting codes based on convolutional 
codes. The new codes constructed by selecting a proper sub code from a 
convolutional code composed of two different component codes. The 


18 The Run Length is defined as the number of consecutive I’s or O’s in sequence of 
coded bits. 
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encoder employs a Viterbi algorithm as the codeword selector so that the 
selected code sequences satisfy the DC constraint. A lower bound on the 
free distance of such codes is proposed, and a procedure for obtaining 
this bound is presented. 

One of the major goals of the research in coding theoiy, in recent 
decades, has been to develop codes that had large block lengths, yet 
contain enough structure that practical decoding was possible. A new 
encoding and decoding scheme, called Turbo Codes^^ was introduced by 
Berrou, Glavieux and Thitimasjshima (1993). Turbo codes achieved near 
capacity performance on an Additive White Gausian-Noise (AWGN) 
channel. It appears that four-decade effort to reach channel capacity was 
achieved by this latest discovery. For sufficiently large message-sequence 
block length, a performance which is very close to the Shannon limit can 
be achieved at a moderate bit-error rate (BER), even though the free 
distance of the turbo codes is not large. Hagenauer (1997) defined in 
detail the turbo principles. Hall and Wilson (2001) explored a stream 
paradigm for turbo codes termed stream-oriented turbo codes. Dejonghe 
and Vandendorpe (2001) introduced the methods and fundamental 
principles associated with the decoding scheme of the turbo codes and 


19 Turbo Coding is a channel coding scheme base on the concatenation of convolutional 
codes along with interleaving and iterative decoding rule. 
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show that it is possible to extend these methods and principles to other 
problems frequently encountered in digital communications. They also 
defined turbo equalization and turbo Multiuser detection. 

Efficient codes based on graphs have also been designed. Ping, Huang 
and Phamdo (2001) introduced a family of error-correcting codes called 
zigzag codes. A zigzag code is described by a highly structured zigzag 
graph. Due to the structural properties of the graph, very low complexity 
decoding rules can be implemented. They present a decoding rule, based 
on the Max-Log-APP (MLA) formulation, which requires a total of 20 
addition-equivalent operations per information bit, per iteration. A union 
bound analysis of the bit error probability of the zigzag code is also 
included. Further, it is shown that the union bounds for these codes can 
be generated very efficiently. It is also illustrated that, for a fixed 
Interleaver^^ size, the concatenated code acquires increased code 
potential as the number of constituent encoders increases. The analysis 
shows that zigzag codes with four or more constituent encoders have 
lower error floors than the comparable turbo codes with two constituent 
encoders have. 


20 Interleaving is the method of for breaking up a burst into shorter ones and making 

detection or correction of the burst easier. 
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Codes have been studied and constructed, not only for communications 
purposes only, but also to maintain consistency of storage, components 
of computers, and even for any general finite state machines. For 
applications in computer memory system, Chen (1985) presented the 
construction of a class of linear codes capable of masking some memory 
defects and correcting multiple random errors. Pollara, McEliece and 
Abdel-Ghaffar (1987) defined a class of codes called finite-state (FS) 
codes. These codes, which generalise both block and convolution codes, 
are defined by their encoders, which are finite state machines with 
parallel inputs and outputs. 

The codes discussed so far have been about correction/ detection of only 
bit errors whether random or in the form of bursts. However, codes for 
correcting random or burst of bytes have been found useful in practical 
applications. Chen (1986) developed techniques for the construction of 
error-correcting codes for semi conductor memory subsystem that can be 
organised in a multibit-per-chip manner. These codes (SBC-DBD) are 
capable of correcting all single byte errors and detecting all double-b 5 ite 
errors, where a byte represents the number of bits that are fed from the 
same chip to the some codeword. Zhen (1993) presented a new approach 
to the construction of systematic tEC/AUED (t-error correcting and all 
unidirectional error-detecting) codes. These new constructions improve 
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many of the upper bounds of the redundancy of the codes. 

Farrell and Tandon (1997) designed powerful classes of Error Detection 
and Correction (EDC) code, for multitrack recording channels and used 
the Reed Solomon Block Symbol Codes. It is particularly effective with 
Reed Solomon codes to use a powerful technique known as interleaving 
which alters the number of error symbols within a block and can 
therefore improve error performance. Important parameters that 
influence the efficiency and cost effectiveness of such codes include block 
size, interleave depth and the power of the symbol correcting code. Using 
error performance, estimation techniques allow a designer to experiment 
with these parameters to produce efficient EDC codes. 

Feng and Rao (1997) constructed a class of double-byte error- correcting 
codes, which are more efficient than the previously known codes. Single- 
byte error correcting and double-byte error-detecting (SbEC-DbED) codes 
have been successfully used in computer memory Subsystems. 
Chattopadhyay and Chaudhuri (1997) gave a new design scheme which 
has been reported for parallel implementation of SbEC/DbED code that 
is analogous to the convolutional Reed- Solomon code. 

For providing a reliable communication link to real-time systems, and 
data and voice services. Chan and Geraniotis (1997) designed a ti/pe-il 
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adaptive hybridal FEC22/Ai?Q23 protocol using Turbo codes. For the 
purpose, a powerful family of Error Correcting Codes using parallel 
concatenated Convolutional codes is introduced. Near-Shannon-limit is 
achievable by such codes. Given the promising performance of the codes, 
it is expected that the performance of an adaptive FEC/ARQ protocol 
employing turbo codes will be better than protocols using other Error 
Correcting Codes. For real-time services, the number of retransmissions 
is limited to one so as to limit the delay. For data services, the number of 
retransmissions is unlimited to provide a reliable communication link. 
Results in terms of throughput obtained through analysis and 
approximation using the performance curves are encouraging. 

Prasad and Seki (1997) analysed the performance of a hybrid selective 
repeat (SR) /multi copy (MC) automatic repeat request (ARQ) scheme to 
transmit fragmented Internet Protocol (IP) packets. The ARQ scheme 
works in SR mode till the last IP packets fragment is transmitted. If a 
packet is negatively acknowledged after the last fragment is transmitted 


21 Type-II of hybrid scheme is devised based on the concept that the parity-check digits 
for error correction are sent to the receiver only when they are needed. 

22 Forward Error Correction (FEC) is the technique is which the transmission errors are 
corrected at the receiving end by applying an error correcting code. 

23 Automatic Repeat Request (ARQ) is the scheme to request the retransmission of data 
when the receiving end detects the transmission errors by using the error correcting 
code. 
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then the system goes in MC mode. In MC mode multiple copies of the 
erroneous fragment are transmitted. After all fragments are received 
without error the system goes back to SR mode. Performance of the ARQ 
is evaluated in terms of BER, IP packet size and fragmentation size. 
Performance results are also obtained using Bose Chaudhari 
Hocquenghem (BCH) error correction codes. 

For digital cellular multiple access system Ericson (1988) introduces the 
concept of superimposed codes in Euclidian n-space R«, which is very 
useful in multiple access communication. Saleki (1989) invented Optical 
Orthogonal Codes^"^, the use of which enables a large number of 
asynchronous users to transmit information efficiently and reliably and 
can be used in a code-division multiple-access fibre optic channel, 
mobile radio, radars and speed- spectrum communication. Kuhn, 
Dekorsy and Kammeyer (2000) investigate aspects of channel coding in 
Code Division Multiple Access^^ (CDMA) systems. This inherent 
bandwidth expansion requires the application of powerful low rate codes 


Optical Orthogonal code is a family of (0,1) sequences with good auto and cross 
correlation properties i.e., the autocorrelation of each sequence exhibits the 
“thumbtack” shape and the crosscorrelation between two sequences remains low 
throughout. The thumbtack shaped autocorrelation facilitates the detection of the 
desired signal and low-profiled crosscorrelation reduces interferences from unwanted 
signals. 

25 CDMA is a system where each user occupies a bandwidth much larger than the 
information bit rate. 
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with low decoding complexity. In this context, three different Coding 
Strategies'^^ have been considered. 

For reference and detail study in the area of error correcting/ detecting 
codes, there are many books, monographs, collection of papers and 
surveys. Notable among books are by Peterson and Weldon (1972), 
Berlekamp (1968), Lin and Costello (1983), Blahut (1987), Golumb 
(1964), Hamming (1980), Hill (1986), Imai (1990), Reed and Chen (1999), 
Hoffman eds. (1991), Lint (2000), Pless (1989), Rao and Fujiwara (1989), 
Wicker (1985), MacWilliams and Sloane (1988), and Rhee (1989). 
Important papers are Forney (1971), Blaum (1985, 1987), Chen (1983, 
1985), Reed (2000), etc. 

1.2 Communication System 

Whatever may be the techniques and tools of communication 
system whether it is satellite, optical fibre or micro wave based, the basic 
component of a communication system can be represented as shown in 
Figure 1.2, which is a simplified model of communication system using 
block diagram. 


26 The combination of convolutional and repetition code; the code-spread system 
consisting of a single very low rate convolutioneil code; and a serial concatenation of 
convolutional Walsh-Hadmard and repetition code. 
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Figure 1.2: Simplified Model of Coded System 


Source: Source produces a message or sequence of messages to be 
communicated to the receiver. The source output might represent, for 
example, a waveform, a sequence of binary digits, the output of set of 
sensors in a space probe, a sensoiy input to a biological organism, or a 
target in a radar system. 

Encoder: Encoder represents any processing of the source output prior 
to transmission. The processing might include, for example, any 
combination of modulation, data reduction and insertion of redundancy 
to combat the channel noise. 

Channel: Channel is a medium for transmitting signals from a 
transmitter to a receiver, it may be a twisted-pair telephone lines, a high 
frequency radio link, micro wave links, coaxial-cable wires, optical fibers, 
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Satellite links, Space communication links. A typical storage medium are 
semiconductor memories, magnetic tapes, magnetic disks, compact disk 
(CDs) optical memory units, digital video disks (DVDs). The channel is 
usually subject to various types of disturbances called noise. However, 
all these physical channels can be represented by Mathematical Concepts 
of Channel.'^'^ 

Decoder: Decoder represents the processing of channels’ output with the 
objective of producing, at the destination, an accepted replica of the 
output. 

Destination: Destination or the receiver is the person or object, maybe a 
computer or communication system for whom/ which the message is 
intended. 

1.3 Linear codes 

There can be various ways of coding a source. In general this is handled 
through code characters, which form a finite set. For algebraic studies, 
which are quite adequate for logical implementation, the code characters 
are taken as elements of a finite field or more generally that of a finite 
ring. However, in our studies, the nature of the metric that we will be 


Refer 1.4 for Mathematical concepts of channel. 
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defined and employed in problems related to corrections of errors in this 
thesis, is modular (Berlekamp, 1968). Therefore, we will be confining to 
Zq the ring of integers mod q. In most of the results in this thesis, q will 
be taken to be a prime integer, so that Zq is a finite field. 

Words can be formed from code characters. Most of the structures in the 
study of error-correcting codes deal with situations in which all of the 
words are taken as blocks of same length. We will be restricting to this 
framework of studies. 

Algebraic structure over a code makes it easier to grasp the whole of the 
code from a much smaller subset of the code. The most commonly used 
codes are the linear codes, which are linear spaces over some suitable 
finite field. More specifically: 

Linear Code: linear code of length n is a subspace of the space of all n- 
tuples over a finite field GF(q). As mentioned earlier, in this thesis, the 
finite field is taken as Zq, for a prime integer q. 

If the dimension of the code as a linear space over GF(q] is k then we 
refer to this code as an (n, k) code also. In this case the number of code 
words, i.e., words in the code is exactly q'^. 

Linear codes are best described in terms of generator matrices and 
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parity-check matrices, which are defined as: 

Generator matrix: A matrix G is said to be a generator matrix of a linear 
code if the row space of G is the given code. 

Parity-check matrix: A matrix H is said to be the parity-check matrix of 
a linear code if the code is the null space of the matrix H. 

If H is a parity-check matrix of a linear code C, then an n-tuple u is a 
code word if and only if u is orthogonal to every row of H, i.e., 

uff'' = 0oueC ( 1 . 1 ) 

Syndrome of an n-Tuple: For an n-tuple u, uH'^ is called the syndrome 
of the n-tuple u. 

In an (n, k) linear code, k positions can be arbitrarily assigned 
values and are called information positions while the remaining n-k 
positions are determined by a set of rules or equations and are called 

parity-check positions. 

Weight and Distance (Metric) 

The notions of weight and metric are important concepts in the 
study of random error-correcting codes. Berlekamp (1972) has rightly 
pointed out that the notion of weight distinguishes the theory of linear 
codes from classical linear algebra. Depending on modulation scheme, 
there can be several ways of defining the weight of a vector and the 
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distance between two vectors. However, mainly two types of 
weights/ distances given by Hamming (1950) and Lee (1958) have been 
used in coding theory. 

In the case of definitions due to Hamming, the code characters can 
be from an arbitrary finite set. But in the definitions due to Lee, the code 
characters are taken from the ring Zq of integers mod q. 

The definitions of weight and distance due to Hamming and Lee 
are taken up below. 

Hamming Weight and Distance 

Until or unless it is explicitly mentioned otherwise, a code would 
be considered over a field GF(q) where q=p® for some prime p with s being 
a natural number. 

The Hamming weight of a vector x=(xi, X 2 , ... Xn) denoted by w(x), 
is the number of non-zero components of x. Each component Xi is an 
element of GF(q). Further the vector x is also called an n- tuple or a word. 

The Hamming distance between two vectors x and y, denoted by 
d(x, y) is the Hamming weight of the vector x-y. It also equals the 
number of positions in which the two vector differ. That is 

d{x, y) = w{x-y) = w(y-x) 

= the number of positions that X and y differ. 

Lee Weight and Distance 

The Lee weight of an n-tuple (ai, ..., an), ai being chosen from Zq, is 
defined as 
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0 < a. < q / 2; 



where a 

' L 



q/2<a, <q-l 


...(eq 1.2) 


The Lee Distance between two n-tuples is defined as the Lee-weight of 
their difference, i.e., Lee distance between n-tuples u = (ai, an) and 
V = (bi, bn), ai, bi being chosen from Zq is given by 


n 

cIl (li’ ^ = Wl (li - ^ = Z w Jai - bi| 

if a 

i i 

if a < b 

i i 

For q = 2 and 3, Lee weight of an n-tuple coincides with its Hamming 
weight. Therefore, in situations where studies are first made with 
reference to Hamming metric and subsequently with reference to Lee 
metric for q a prime integer, then in the latter case we will be considering 
q an odd prime only. 


where W 


w (a - b ) 


w^(q - (a -b,)) 


26 



Apart from imposing the ideas of weight and distance over n- vectors, we 
associate these notions with a code also. 

Minimum Weight of a Code: The minimum weight (Hamming, Lee or 
any other) of a code is defined as the minimum of weights of the non-zero 
words in the code. 

We may generalise the concept of minimum weight of a code, which is 
linear and block to a non-linear code, which may not be block code. 

Minimum Free Distance of a Code: The minimum free distance of code 
is defined as the minimum of distances between all pairs of distinct code 
words. 

The minimum free distance da-ee is defined as 

where v' and v" are the code words corresponding to the information 
sequences^^ u' and u", respectively. It is assumed that if u' and u" are of 
different length, zeros are added to the shorter sequences so that their 


28 The source encoder transforms the source output into a sequence of binary digits 
(bits) is known as Information Sequence. 
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corresponding code words have equal length. Hence dfree is the minimum 
distance between any two code words in the code. 

dfree = min {d(v', v") : u' u"} 

In the case of linear codes, minimum (free) weight and minimum (free) 
distance of a code coincide. 

The notions of weight and distance help us in analysing the error 
correction capabilities as well as in proposing decoding procedure for the 
code. In this connection we state two basic results from theory of error- 
correcting codes. 

1. A code with minimum distance at least 2t+l is capable of 
correcting any combination of t or less errors in a code. 

2. If a code C has minimum Hamming distance at least d then every 
combination of d-1 or less columns of the parity-check matrix of C 
is linearly independent. 

A more general statement on error detection and correction has been 
given as follows: 

A code can correct any combination of t errors and detect upto d errors 
(d > t) if and only if the minimum distance d for the code is > t + d+ 1. 
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All n-tuples 



Figure 1.3 Illustration of Error Correction/ Detection using Spheres 

Around Code Words 

The proof of these results may be visualised by the pictorial 
representation as given in figure 1.3. 

The Hamming and Lee distances are well suited respectively to 
orthogonal modulation schemes and phase-modulation schemes (c.f. 
Berlekamp, 1958). But there exist channels (e.g. those using amplitude 
modulation schemes against additive gaussian noise) to which neither of 
the two distances suit completely. This fact necessitates search for more 
metrics. 
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Golomb (1969) has given a nice formulation of the problem of error 
correction in terms of a general metric. 

1.4 Channel (Mathematical Concepts) 

Given two non-empty sets A and B to be called respectively the input 
alphabet and output alphabet and an arbitrary set S called the set of 
states, a channel is an ordered triplet 

(a, B, |p(b , b , ,b j a a ;s) : a e A, b e B and s e s[), 

' '•nlz nln i i 

Where {pn} is a system of probability functions satisfying 

i) Pn(bi, bn|ai, an;s) > 0 for all n, 
ai, an; bi, bn; s and 

ii) X P (b b I a,...., a ;s) = l for all n, ai,...,an, s. 

1 n 

We can interpret Pn(bi, bn|ai, an;s) as the probability that 
the sequence bi, bn will appear at the output if the input sequence 
a^, a^ is applied and the state of the channel before the appearance of 

SL^, is s. Thus, in general, the state of the channels may change after each 

component of the input sequence is transmitted. In this model, 
knowledge of initial state and input sequence determines the distribution 
of the output sequence. However, here we restrict to the discrete, 
memoryless, symmetric channels. It may be recalled that 

A channel is said to be discrete if both the input alphabet 
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A and the output alphabet B are finite sets. 


Further a discrete channel 

(A, B, {pn(bi, bnjai, an; s): ai e A, bi e B and s € S}) 
is said to be memoryless if 

1. The functions pn(bi, bnjai, an;s) are independent of s; hence 
may be written as Pn(bi, bnjai, ..., an); and 

2, Pn (bi, ..., bnjai, an) = Pi(bi j ai) ...Pi(bn j an) 

For all ai, ..., an e A; bi, ..., bn e B for all n = 1, 2, ... 

In other words, for a discrete channel to be memoryless, it is 
required that successive symbols are acted upon independently and the 
transmission probabilities do not depend on the state s. 

Also a discrete, memoryless channel 

(A, B, {p(bj j ai): ai e A, and bj e B}) 

is said to be symmetric if the set {p(bj jai)}j=i, of probabilities of receiving 
bi,...,bj, ... for each transmitted ai are equal for all i and the sets 
{p{bj jai)},_^, of probabilities of receiving bj when ai,...,ai,... are 

transmitted, are equal for all j. 

Decoding Schemes: One of the purposes of studies in coding theory is to 
achieve reliable communication over noisy channels. For this, after 
studying the behaviour of the channel, if the channel is given or 
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otherwise if the channel is not given, we must be able to determine the 
transmitted code word from the received word with a high degree of 
accuracy. Thus we should have a rule, which associates a code word 
with each received word. This rule is called a decoding rule (or decoding 
scheme). More precisely, 

A decoding scheme is a rule, which associates at most one code word 
with each received word. 

A decoding scheme, which does not associate any code word with a 
received word, which is different from a code word, is useful in situations 
where the code word can be transmitted easily. 

In a one-way communication system, mostly a scheme has to be adopted 
to every received vector, a code word is to be associated. 

The following two schemes are mostly employed: 

Maximum Likelihood Decoding Scheme (MLD): Given all code words 
are equally likely, a rule that chooses the code word having the highest 
conditional probability of being transmitted, for each received vector y, is 
called maximum-likelihood-decoding scheme. 

A brute force application of this rule requires comparing the received 
vector y with all the q^ code words in an (n, k) code over GF(q). This is 
fine for small codes. But for large q and k the task is almost impossible. 
As, one of the aims of coding theory is to find codes, which can be 
decoded by a faster method; for large q and k some other decoding 
methods should be applied. Another decoding scheme called bounded 
distance decoding, which is a modification of the maximum-likelihood- 
decoding rule, decodes if and only if the noise on the channel is not too 
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large. 


More precisely, according to Bounded Distance Decoding (BDD) a received 
vector y is decoded only if there is code word x at a distance not 
exceeding t, where t is a pre-assigned number. Otherwise y is not 
decoded. This decoding rule is usually applied in the case of algebraic 
codes. 

Matching of a Channel and a Metric: Next, we define the notion of 
suitability of a metric to a channel. The definition is with reference to a 
decoding scheme. Thus, corresponding to each of the two decoding 
schemes defined in this section, we have 

Definition: A metric and a discrete memoryless channel are said to be 
matched for maximum likelihood decoding (MLD) if the decoding rule 
“decode the received vector to the nearest (or farthest) code word” always 
gives a most probable code word. 

Definition: A metric and a discrete, memoryless channel are said to be 
matched for bounded discrepancy decoding (BDD) if the decoding rule 
"decode the received vector to the code word which is with in a distance 
of t or less", where t is an integer smaller than half of the minimum 
distance between all pairs of code words, gives (whenever a decision has 
been made) a most probable code word. 

The above definitions as given in Chiang and Wolf (1971), are respectively 
due to Massey (1967) and Wyner (1965). 

These concepts have been further modified to those of strictly matching in 
Chiang and Wolf (1971). We take up these below: 

Definition: A metric and a discrete memoryless channel are strictly 
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matched for MLD if 


w(E) < w(E') if p(E) > p{E') 

Where E, E' are error vectors and w(E) and p(E) denote respectively the 
weight and probability that an error vector coincides with E. 

DeHnition: A metric and a discrete memoryless channel are strictly 
matched for BDD of radius t, if 

w(E) < t and w(E') > t+1 then p(E) > p(E'), 

where E, w(E) and p{E) are defined as given above, and t is a non- 
negative integer. 

Matching of channels to a general metric is discussed in the next chapter 
where the concept of general metric is defined. 

1.5 Error Pattern and Coset Decomposition 

When messages are transmitted over a noisy channel, these are not 
received as such. The noisy channel adds an error vector to it. 

Error Vector: If the n-vector v = (bi, ..., bn) is received when n-tuple 
u = (ai, ..., an), is transmitted then the difference n-vector 
e = u - y = (bi-ai, ..., bn-an) is called an error vector (or an error pattern). 

Since 
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uHT = 0 


it follows that vH'^ = eH^' 

Thus the syndrome of a received vector is equal to the syndrome of the 
error vector added to the transmitted word. 

Coset Decomposition: A coset decomposition of the space of n-tuples 
over GF(q) with respect of its subspace (the code) C is useful in 
formulating many results in coding theory. It is a simple proposition of 
algebra that decomposition of the space of n-tuple over GF(q) into cosets 
is complete and unique in the sense that every n-tuple over GF(q) is in 
one and only one coset. All n-tuples in a coset have some syndrome. 

Weight of a Coset: The weight of a coset is defined as the minimum of 
the weights of n-tuples in the coset. 

For an (n, k) linear code the number of cosets is q"^-^ and hence at most 
qn-k _ 1 nonzero error patterns that belong to different cosets can be 
corrected. 

1.6 Bounds on Number of Parity-Checks and Minimum distance of a 
Code 

In this section all bounds are discussed with respect to 
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Hamming Metric only. A code should use minimum number of parity 
checks while keeping its error-correction capabilities intact. But it is not 
always possible to determine the exact number of parity checks. 
Therefore, w^e need to have bounds over them. We mention below some of 
the important bounds. 

Hamming Sphere-Packing Bound 

This bound obtained by Hamming (1950), states: 

If an (n, k) linear code over GF(q), a galois field with q elements, is 
Capable of correcting t or less (Hamming) errors then 




rn^ 

(q-1)) + *•'■'+ 

^"1 


n - k > log^ 

1 + 

.1; 

A, 

(q - 1)‘ 





A refinement of this bound was obtained by Wax (1959). Plotkin (1960) 
has obtained some close bounds and relations over minimum distance 
and number of parity checks for linear/ non-linear block codes. Other 
important contributions in this area have been, among others, by Helgert 
and Stinaff (1973), Shrikhande (1962), Johnson (1971) and Bambah, 
Josh! and Luther (1961). 

Plotkin Bound 

Plotkin (1960) derived a necessary lower bound on number of parity 
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checks by employing the technique of taking average. The bound states: 


(qd - 1) 


h n > jp- , the number of parity checks required to achieve minimum 


weight d in a n-symbol linear block code is at least 


(qd - 1) 

q-1 


-1-log d, 


Varshamov-Gilbert Bound 

A general lower bound on the number of code words in a code with given 
length and minimum distance was given by Gilbert (1952) and 
Varshamov (1957) independently. This states: 

A sufficient condition for the existence of an (n, k) linear code-over GF(q) 
with minimum Hamming distance at least d is that n, k, q and d are 
such that they satisfy the inequality 


u d-2| 
n— k 

q > Z 




i=0^1^ 


(q-l)‘ 


Sacks (1958) gave a method to obtain the above-mentioned bound, by 
constructing a parity-check matrix for the desired code. 

Chapter 13 of Berlekap (1968) contains a general treatment of bounds, 
valid for Lee-metric codes also. 
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1.7 Burst-Error-Correcting Codes 

Most work in coding theory has been addressed to efficient 
communication over memoryless channels, i.e., channels which add 
random errors to messages. While this work has been directly applicable 
to space channels (refer Femey, 1970), it has been of little use of all 
other real channels, where errors tend to occur in bursts. 

The work in the direction of burst error was initiated by Abramson (1959) 
who laid down the procedure for correcting all single and double- 
adjacent errors in the binary case. Later, Fire (1959) studied the subject 
for general burst. Further work of burst error correcting codes can be 
found in Campopiano (1962). Forney (1971) contains a survey of work in 
this area. Studies of linear burst error correcting codes have been nicely 
treated by Peterson and Weldon (1972). Further Farrell and Hopkins 
(1982) defined burst error correcting array codes and developed decoding 
algorithms for a class of burst error correcting array codes. Daniel (1985) 
defined double burst error correcting codes. Blaum, Farrell and Tilborg, 
(1986, 1988), presented a family of burst error correcting code which can 
correct bursts of errors. Later they developed multiple burst Array codes 
and presented decoding algorithim for the same. Abdel- Ghaffar, 
McEliece and Tilborg, (1988), defined burst identification codes which 
can be used to determine the pattern of errors and two dimensional 
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correcting codes can be easily constructed by these codes. Zhang and 
Wolf (1988) developed a class of binary burst correcting quasi-cyclic 
codes. Blaum (1990) defined a family of efficient burst correcting array 
codes with better burst correction and performance and developed easy 
decoding algorithms. As data rates increase in communication systems, 
the burst error also increases accordingly. 

Definition: A burst of length b is an n-vector in which the nonzero 
entries lie in b consecutive positions, the first and last of which are 
nonzero. 

We now give some of the important results. The next two results are from 
Peterson and Weldon (1972) (refer Theorems 4. 13 and 4.14). 

(a) A linear code that has no burst of length b or less as a code 
word must have at least b parity-check symbols. 

(b) For detecting all burst errors of length b or less with a linear 
block code of length n, b parity-check symbols are necessary 
and sufficient. 

A lower bound on the number of parity checks required for a linear code 
that corrects all bursts of length b or less was found by Fire (1959) (c.f. 
theorem 4. 16, Peterson and Weldon, 1972). The result is as follows: 

The number of parity-check symbols in any linear block code over GF(q) 
that corrects all bursts of length b or less is at least 
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The following result analogous to the Varshamov-Gilbert- Sacks bound 
for the existence of a linear code that corrects all bursts of length b or 
less was obtained by Campopiano (c.f. Theorem 4.17, Peterson and 
Weldon, 1972). 


There exists an (n, k) linear code that corrects any single burst of length 


n 


b < — or less for which the following inequality is satisfied 


n-k < 2b + logJ{q-l){n-2b-l) + 1] 


There is another definition of a burst given by Chien and Tang (1965). 
This states that: 


A burst of length b is a sequence of b digits, the first digit of which is 
nonzero. 

This definition is found useful in convolutuional codes (refer Iwadare, 
1967). 

In this thesis a burst is to be taken of the former type only. 

Wyner (1963) used the idea of associating weight with burst errors by 


constructing codes capable of correcting low-density bursts. Sharma and 
Dass (1974) studied in detail bursts with weight constraints by finding 
bounds on codes correcting/ detecting bursts with various types of weight 
constraints. 

1.8 Applications 

1.8.1 Digital Techniques and Error-Control Coding 

The number of communications and audio / video systems that treat voice 
or image signals as digital data, is rapidly increasing. One of the 
important characteristics of the digital signals is that these are more 
reliable in a noisy environment than analog signals. Since the detector 
for the digital data needs to decide only whether each signal is 0 or 1 , 
digital symbols can often be detected perfectly, provided the noise is 
weak. However when the noise is not weak the detector may make an 
erroneous decision, i.e., it may decide that a symbol is 1 although it was 
originally 0 and vise-versa. But if the data are coded, i.e. some 
appropriate check s 5 nnbols by annexing to the data symbols, the decoder 
can even correct or detect certain errors. Thus, when a signal is 
represented as digital data we make the signal detection more reliable by 
adding check symbols to the data symbols. This technique is called error 
control coding (for details refer, Imai, 1990). This technique has been 
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widely used to digital communication and storage systems. 

1.8.2 Communications System 

Satellite Communication: In satellite communication the channel noise 
can be regarded as additive white Gaussian, thus the errors are mostly 
random. Since the transmitter power and the size of antennas of 
spacecraft are limited, it is desirable to use a code with large error 
correction capabilities to compensate for the low signal-noise ratio. This 
is because we can reduce the required transmitting power per bit ratio, 
to obtain a given bit-error rate by using an error correcting code. Self- 
orthogonal convolutional codes, which are decoded by a simple decoder, 
were mainly used for satellite communication. However, a V2 rate 
convolutional with Viterbi decoding which produces large error correction 
capabilities, is often used. High-rate BCH codes are also used in some 
cases. 

Broadcasting: In teletext, which transmits digitised characters and 
figures overlapped with the TV signal, the most important type of error is 
the burst caused by the impulsive noise. Thus, a code with large error 
correcting capacity is required, but since the decoding is performed in 
the Television set itself, the decoder must be small. As a result, a 
different set cyclic code, which can be decoded by a relatively simple 
circuit, can be used. 
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Space Communication: Digital broadcasting systems are developed for 
the deliveiy of digital compressed video, audio and data services. The 
general requirements of such systems are high reliability and efficiency. 
Since digital television and broadcasting services channels are band 
limited, Trellis Coded Modulation (TCM) and Reed and Solomon Codes 
(RS) are considered usually for most of such applications. 

Mobile Communication: Global System for Mobile Communication 
(GSM) is the digital cellular radio system. The GSM system provides 
speech, telefax, and data services such as telephony, paging, etc. To send 
message through the GSM system several types of signals need to be 
transmitted over the physical channel. To provide better efficiency, 
amplitude and accurate data transmission Channel coding of the speech 
data, channels coding of the signaling channels, and channel coding of 
the data channels, is being used. In the GSM system turbo codes are 
playing a very important role. 

Code Division Multiple Access (CDMA) based digital cellular systems are 
distinguished from each other by a code rather than by frequency band 
allotted time slots. Cellular system allows access to resources by various 
techniques. The convolutional codes provide a good example of 
application in error protection in reverse CDMA channel as well as 
forward CDMA channel. 
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1.8.3 Computer System 


In order to detect/ correct errors in logic and arithmetic circuits of 
computers, codes based on partially check codes and Hamming codes 
are being used. However, codes especially suited to detect/ correct errors 
in logic and arithmetic circuits are in the process of being developed. 

Errors that occur in semiconductor memory systems can be regarded as 
random error or byte errors. The speed of the operations for 
semiconductor memories is very high, and therefore, the decoders must 
be extremely fast. Also the number of redundant symbols cannot be very 
large, as a result, a class of single error-correcting codes and double 
error-detecting Codes (SEC-DED) has been widely used for memory 
system. These codes are constructed on the basis of Hamming Codes, 
but the decoder for these codes is smaller and can be operated at a 
higher speed than that of Hamming codes. In some systems, single-byte 
error correcting and double byte error correcting codes (SbEC-DbEC) are 
used. 

In most memory devices information is stored in two dimensions, and 
hence in such cases, error usually take the form of two-dimensional 
bursts. For example for the VLSI tarn chips which are sensitive to alpha 
particle and other radiation effects, which can cause two-dimensional 
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burst of errors, two-dimensional error-correcting codes can be used to 
combat such errors. 

Magnetic Storage Device: In magnetic storage devices, to handle burst 
errors caused by defects of the device or due to dust, burst error 
correcting codes have been employed. Also Reed-Solomon like codes are 
found to be very useful. Fire codes are also being used, while (SbEC- 
DbEC) codes based on Reed-Solomon codes with interleaving are also 
used. In storage systems interleaved SbEC codes are being used. 

Optical Disk System: In optical disk systems both random and burst 
errors occur and error rate of the device is relatively high, therefore, 
codes with large error correcting capabilities are required. As a result 
multiple coded Reed-Solomon code in conjunction with interleaving have 
been employed. 

1.8.4 Audio-Video Systems 

Since error-rate of devices is high and both random and burst errors 
occur in digital audio system, large error-correction capability is 
required. However, since the correlation between adjacent data is 
relatively high for audio signals, we can estimate the correct value of 
erroneous data by using the values of the data before and after the 
erroneous data. Miscorrection by the decoder causing a click noise must 
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be strictly avoided, therefore, it desirable to stimulate the correct values 
of data that are likely to be miscorrected as described previously, instead 
of correcting any errors at the decoder. Doubly coded Reed-Solomon or 
cyclic codes with interleaving are used. 

Requirement of error control codes for video systems are the same as 
those for audio systems, except that the probability of miscorrection does 
need not be as small as that for audio systems. And the processing speed 
must be much higher. Doubly coded Reed-Solomon or cyclic codes with 
interleaving are also used for video systems. 

1.9 Problems Discussed in This Thesis 

For a communication system to be reliable and efficient, the problem of 
choosing appropriate metric for a given channel is important, as the 
channel model should match the metric to be employed for developing 
suitable codes, for messages to be transmitted efficiently and reliably. 
Thus given a modulation scheme, one metric may be better suited than 
the other and such a choice is possible only if there is a way to design 
several metrics. Already there are two well-known metrics, one due to 
Hamming (1950) and other due to Lee (1958). Occasionally, references to 
some other metrics are also found in literature. However, there is no 
general method of generating metrics suitable to arbitrary channel. When 
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metric used is that due to Hamming and the alphabet used for coding 
messages is non-binary, any digital change in one place is a single error, 
no matter what the magnitude of the change is. On the other hand, if 
metric used is that due to Lee, change of ± 1 in one place contributes one 
error, change of ±2 contributes weight of error as 2 and so on. In other 
words, the digital changes are ‘too less' distinguished in the case of 
Hamming metric, and ‘too much' in the case of Lee metric. 

The present research work introduces a method of generating classes of 
metrics, each having larger number of metrics to choose one from, which 
may appropriately match a given channel. 

In Chapter II the method of generating classes of metrics has been 
presented. Each metric is determined by a suitable partition, to be called 
P-partition of the alphabet set Zq. A general member of this class of 
metrics is called a class-metric. Hamming and Lee metrics become 
particular rather than extremal class metrics. Some properties of codes 
in relation to minimum distances with reference to the new metrics and 
parity-check matrices have also been discussed. Finally, relationship 
between class-metrics and corresponding appropriate channels has been 
established. 

Chapter III, contains the discussion of the problem of random error- 
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correction by using class-metrics. It includes construction of single- 
class-error-correcting codes. The bounds have been derived on number 
of parity-checks required in codes which correct a given number of 
random class-errors and in codes which correct different types of class- 
error patterns, where the class-error patterns are obtained on the lines 
suggested, by Golomb (1969). 

In situations, where channel introduces burst errors that have 
class-weight less (or greater ) or equal to a pre-assigned number, the 
application of usual burst correcting codes reduces the efficiency of the 
communication system by using more parity checks than are sufficient 
to correct such errors. The problem of detection /correction of such burst 
errors needs to be considered separately. 

Chapter IV considers problem of enumeration of such bursts and bounds 
on number of parity-checks required in codes correcting these bursts 
called burst with class-weight constraints. 

Codes correcting bursts having length less than or equal to pre-assigned 
number and with/ without class-weight constraint are not able to correct 
even a single random error, if it lies outside the bursts of given length. 

Since this necessitated the study of the codes correcting random errors 

simultaneously with bursts with /without 
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constraints. These types of codes are considered, wherein we obtained 
bounds on sufficient number of parity checks digits required in such 
codes, in Chapter V. 




Chapter II 


A Class of Metrics and their Properties 


2. 1 Introduction 


2.2 Definition of the New Metric 


2.3 Hamming and Lee Metrics as Special Class-metrics 


2.4 Results of codes with a given minimum Class-distance 


2.5 


Channel Models and Class-Metrics 


CHAPTER-II 


A CLASS OF METRICS AND THEIR PROPERTIES 
2.1 Introduction 

The notion of metric (or a distance) plays a central role in coding theory, 
and the one, the almost universally used metric, is that due to Hamming 
(1950). Hamming Metric codes are ideal codes for balanced channels 
(Helstrom, 1961) in which probabilities of error for all symbols are equal. 
Another metric due to Lee (1958) is suitable for phase-modulation 
schemes, when phase-modulated signals are transmitted through 
additive gaussian noise. In chapter I, we have pointed out the limitations 
of those two metrics. There may be many channels and modulation 
schemes for which the Hamming or the Lee metric may not be quite 
suitable. This demands a search for other suitable metrics. 

In the process of searching for new metrics, it is interesting to see that 
Hamming metric may be thought of as having arisen from the partition of 
the source alphabet in two distinct classes, one containing 0 (zero) and 
the other all the remaining letters of the alphabet. The nonzero elements 
have equal weight taken as one. A similar examination is possible for the 
Lee metric also. Some more details follow in section 2.3. 

In the next section we explain a method of generating a class of metrics 
by suitably partitioning the alphabet set. Any general member of this 
class of metrics is called a class-metric, whereas the partition 
determining it will be called a P-partition. In Section 2.3, we show that 
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Hamming and Lee metrics are special class-metrics. Some algebraic 
studies of ^’-partitions are taken up in section 2.4. 

2.2 Definition of the New Metric 

We consider n-vectors over the ring Zq={0,l, ... q-1}, the integers mod q. 
The class of metrics that we introduce depends on a scheme of 
partitioning Zq. Each partition gives rise to a new metric. Some 
conditions are required over the partitions that we consider. These 
conditions are required essentially to make the distance defined, to be 
bonafide metric in the space of n-tuples over Zq. To be specific and 
precise, we define a partition P suiting our purpose as follows: 

P-partition: Let us consider a partition of Zq into (disjoint, non-empty) 
subsets Bo, Bi, ... Bm-i, where m is an integer greater that or equal to 2, 
such that 

i) Bo ={0} and for i e Zq; i e Bs q-i e Bs, 

ii) If i € Bs, j e Btand s> t, then^ 
min {i, q-i} > min {j, q-j}, 

and 


1 > is taken in arithmetical sense. 
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iii) If s > t, ] Bs I > I Bt I except for s=m- 1 , 

in which case we should have B > - B , where 

m-1 2 ni-2 

I B I = number of elements in B. 

In all our studies that follow a partition of Zq satisfying the above 
conditions will be called P-partition. 

Next we come to the definition of weight and distance depending on 
/^-partition. 

Weight of an Integer with respect to a ^-partition: The weight of an 

element] belonging to Zq corresponding to a P-partition Pi={Bo, Bi, 

Bm-i} of Zq, which will be termed as class-weight of j and denoted by 

w (j) , is defined as the index of the class to which] belongs in Pi, i.e., 

^1 

If ] e B then w (]) = s , 0 <s < m- 1 . 

S Pj 

The term class-weight has been coined for the new weight of an element 
of Zq corresponding to a P-partition Pi, because the element takes the 
weight of the class to which it belongs in Pi. 

Class-Weight of a Vector: The class-weight w (u) of an n-tuple u = (ai, 

^1 

a. 2 , ... , an), ai e Zq, corresponding to P- partition Pi, is defined as the sum 
of the class-weights of its components, i.e., 
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... (eq2.1) 


w (u) = i:w (a.) 

1 i=l T ' 

Class-Distance of a ;z’-partition: For a given P-partition Pi, the class- 

distance between two elements a and b of Zq , can be defined in terms of 

the notion of class weight. Given two elements a, b e Zq, the 

class-distance d (a, b) , between a and b for a P-partition Pi is given by 
^1 


d (a,b) = w (a-b) 


Next, given two n-tuples u = (ai, aa, ... , an), and y = (bi, ba, ... , bn), 
where ai, bi e Zq, the class-distance between vectors u and v associated 
with is defined as the sum of the class-distances between their 

components, i.e., 

d^(u,v) = id (a.,b.) ...{eq2.2) 

i=i ' ' 

It may be observed that 

= Wp(u-y) = X Wjp(a. -b.) ...(eq2.3) 

In this thesis, w (x) and w (u) will denote class-weights of an element 

X of Zq and an n-tuple u respectively over Zq corresponding to a 
P-partition Pi ofZq. Similarly, d^(x,y) and dp^(u,y) denote respectively 
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distances between two elements of Zq and two n-tuples over Zq 
corresponding to ^-partition Pi. 



of n-tuples over Zq. This will be established after giving an example and 
some explanations of the new ideas. 


Example: 

Let Zq = {0,1, ... , 12}, q = 13. Consider a ^’-partition of Ziz given by 

Pi = {Bo, Bi, B 2 , Bs}, 


such 

Bo = {0}, Bi = {1,12}, B 2 = {2,3,4,9,10,11} and B3 = {5,6,7, 8}; then 
according to our definitions; 

w^(0) = 0, w^(l) = l', m;^(12) = 1, >v^(4) = 2, w ^( 7 ) = 3 


Also, ifu= (2,8,12,6,5) and y = (6,2,1,6,10), 


then u-y = (9,6,1 1,0,8) and 

d (u, v) = w (u - y) = (9) + w (6) + w (11) + w (0) + w (8) 

Pj-- Pj Pi Pi Py 

= 10 
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Figure 2. 1 Schematic Representation of a P-Partition of Zq 


Let the alphabet set Zq be represented by a circle with integers 

being points equally spaced on its circumference as shown in Fig. 2.1. 

Then a P-partition of Zq may be considered as the partition of the circle 




by the parallels AiAi(i=l, m-1) which are all taken perpendicular to the 
diameter thorough 0 with the classes Bi, i=2, m-2, being given by 

points lying on sections of the circle between parallel lines AiAi and 
Ai+iAi+i and classes Bo and Bm-i are given by respectively point lying 
above AiAi and points lying below Am-iAm-i. The conditions for 
P-partition given above require that distance between successive pairs of 
lines AiAi, A 2 A 2 , ... , Am-iAm-i, goes on increasing and the length of the 
arc below Am-iAm-i is not less than one of the two arcs between Am- 2 Am -2 
and Am-iAm-i. The points between AiAi and Ai+iAi+i have class- weight i. 

The 0, which is above AiAi, has class-weight zero and the points below 
Am-iAm-i have class-weight (m-1). 

It can be easily seen that the class-distance d is a bonafide metric on 

Z" , the set of all n-tuples over Zq. In other words, it can easily be 
q 

established that for u, y and w € Z" 

q 

i) d (u, y) > 0 and d (u, y) = 0 , if u = y, 

ii) d is symmetric in Zq > d (u, y) = d (y,u) 

and 

hi) d satisfies the triangular inequality in Zq viz., 
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2.3 Hamming and Lee Metrics as Special Class-metrics 


Now we show that our metric generalises the Hamming and Lee metrics. 

Consider a ^^-partition Ph = {{0}, {1,2, ... , q-1}} of Zq. Let us denote the 
Hamming weight of an element x of Zq by w (x). 

Then w (0) = 0 = w (0) and w (i) = 1 = w (i) for i e Z ~ {0} . 

Pjj H ^ ^ P^^-' H ^ ^ q ^ ^ 

Therefore 


w (x) = w (x) 


for X 6 Z 

q 


...{eq2.4) 


Further, for an n-tuple u = (ai, ..., an) over Zq, using (eq 2.2) and (eq 2.4), 
we easily have 


w (u) = X w (a.) = X w (a.) = w (u) ...(eq2.5) 

% i=i % ' i=l H 1 H 

Hence class-weight of an n-tuple over Zq, corresponding to Ph is equal to 
its Hamming weight. 

Also from (eq 2.3) and (eq 2.5) it follows that class-distance d (u,y) 
between two n-tuples u and y is equal to the Hamming distance 


d (u, v) between them. 

H 

Again consider a ?5-partition Pi of Zq, given by 
Pl = {Bo, Bi, , B[q/ 2 ]}, 

Where Bi = (i, q-i} for i = 1, ..., Lq-2j 
It is easy to see that 


w (x) = w (x) for X e Zq, 

a ^ 

where w^(x) denotes that Lee-weight of the element x of Zq. 

Also using arguments similar to those used for the case of the partition 
Ph, it may be shown thatw (u) , the class- weight of an n-tuple u over Zq 

is equal to its Lee-weight Wl(u) and further that the class-distance 
d (u, Y) between two n-tuples u and y, corresponding to Pl equals 

(u, y) , the Lee-distance between the two n-tuple u and y. 

To facilitate further references, we record our discussions given above in 
the form of a theorem given below: 

Theorem 2.1: Given the space of n-tuple over Zq the integers mod q; 
d the class-metric defined earlier coincides with 
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i) Hamming metric if = pn = {Bo, Bi}, 


Where Bi = {1,2, q-1} and 

ii) Lee metric i{pi = pi= {Bo, Bi, ..., Bm-i} 

Where m= L(q+2)/2j and Bi = {i, q-i}, i=l,2, ..., m-1. 

In our study, we will be using da (or simply d) and da respectively instead 
of d and d . 

2.4 Results of codes with a given minimum Class-distance 

In the previous chapter we have emphasised the importance of minimum 
distance of a code for correcting additive random errors. The concept of 
minimum distance for a code can be extended to class-distance on the 

mi 

lines parallel to those for Hamming and Lee metrics. Formally we may 
put it as follows: 

Definition: Given a code ^ over Zq, the ring of integers mod q and a P- 
partition Pi = {Bo, Bi, ..., Bm-i} of Zq, the minimum class-distance of the 
code ^ is the minimum of all the class-distances between pairs of 

distinct code words. It will be denoted by d {^) or d . 

. ■ ^1 ; ■ 

In the case of the partitions Ph and Pl leading respectively to the 
Hamming and Lee metrics we shall shorten d^ and d^ to d^ and d^^ 

respectively. Thus or d^ will denote the minimum Hamming 
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distance of a code and similarly d^(^) or d^^ will denote the minimum Lee 
distance of a code S- 

Also, the minimum class-weight of a code is the smallest in the set of all 
class-weights of nonzero code words of the given code 

It is easy to see that, the minimum class-distance and minimum class- 
weight coincide for a linear code. 

A result which provides bounds on d , the minimum class-distance of a 

linear code in terms of minimum Hamming distance d and the 
minimum Lee-distance d of the code C may now be given, it is stated 
below, the proof of which follows easily. 


Theorem 2.2: Given a P- partition Pi = {Bo, Bi, ..., Bm-i} of Zq, q prime 
and a linear code ^ over Zq having d„ and d, and d respectively as 

H L 

minimum Hamming distance, minimum Lee distance and the minimum 
class-distance of determined by P^, then 


d < d < min<| 

H 


w{P^d^ 

q-1 




... (eq2.6) 


Where \v{P) denotes the sum of the class- weights of the letters of the 


alphabet (0,1, ..., q-1}, i.e.. 
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1 


...(eq2.7) 


W(P)= Xi' 

‘ i=l 


B 


Remarks: Simple consequences of this result for partitions leading to 
Hamming and Lee metrics are rather straight and may be recorded as 
follows : 

In the case of Hamming metric: 

W(P) = q-l ...(eq2.8) 

and therefore, the inequality (eq 2.6) takes the obvious form 

d<d<d, asd= minjd , d [ 

H H H H 7h’ 

Further, in the case of Lee metric, for q an odd prime, we have 

P=jB 1 , B, = {i,q-i} fori = 1,2,... .,{q-l)/2. 

L 0 1 {q-l)/2J 1 

Therefore 


W(P) 


(q-l)/2 

S II 

i=l 


B 


(q-l)/2 

I i-2 

i=l 


(q -l)/4 


... (eq 2.9) 


and hence form (eq 2. 6), we get 


d < d < 

H L 


4 q -1 H 





4 H_ 


or 


d < d < 

H L 


q + 1 
4 



... (eq 2.10) 


which gives a better upper bound on dc as compared to the bound given 
by two inequalities 

d < d < 1 q / 2j d , 

H L H 


due to Chiang and Wolf (1971, Inequality (8)). 

Definition: The class-weight of an mxn matrix A over Zq corresponding to 
the P-partition Pi = {Bo, Bi, ..., Bm-i} of Zq is the sum of class-weights of 
the m rows, each row being taken as an n-vector over Zq, or equivalently, 
as the sum of the class-weights of the n columns, each column being 
taken as an m-vector over Zq. 

It is easy to see that the class-weight of an mxn matrix A= (aij) is given by 

m n 

II W (aij) 
i=lj=l T 

The study of linear error-correcting codes, their constructions, 
error-correcting capabilities and decoding algorithms etc., is facilitated 
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with the use of parity-check matrices. Next theorem, a simple 
consequence of Theorem 2.2 finds a relation between minimum class- 
weight of a code and the number of linearly independent columns of its 
parity-check matrix. 


Theorem 2.3: For a given P-partition Pi = {Bo, ..., Bm-i} of Zq, q prime, 
determining the class-weight under consideration, a linear code ^ that is 
the null space of a matrix H has minimum class-weight w implies that 

(q _ 

every combination of 1 or fewer columns of H is linear 


w(Pi) 


independent. 


Proof: The minimum class-weight of the linear code is w. therefore from 
Theorem 2.2 we have 


w(P) 

w < ^d 

q-1 H 


where W(P) denotes the sum of the class-weights of letters of the 
alphabet set (0,1, ..., q-1} and dn is the minimum Hamming weight of 

The result follows form the fact that for a linear code with a minimum 
Hamming distance d^, any dj_j ^ or less columns of H should be linearly 

independent. 

The result of Theorem 2.3 is further refined in Theorem 2.4 
through the introduction of a new concept, a modification of the idea of 
linear dependence, suitable for class-metric codes. 
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Definition: A Linear combination 


X-l U] + A-2]i2 x,n Hn 

of vectors ui, U 2 , Un, for X e Z ~ {0} will be called a linear 

• q 

combination of class-weight w if the vector {A,i, Xn) has class- weight w, 
corresponding to a J®- partition Pi. 

Theorem 2.4: For a given P-partition Pi = {Bo, Bi, Bm-i} of Zq 
determining the class-weight under consideration, an (n, k) linear code 
with H as its parity-check matrix, has minimum class-weight at least 
w if and only if every linear combination of class-weight w- 1 or less of 
columns from amongst the columns of H, is non-null. 

Proof: Let H = [Ci, ..., Cn] be the parity-check matrix of the code 
where Ci, an (n-k)-vector, denotes the i* column of H. For any non-null 
vector u =(ai, ..., an) over Zq, 

= a C +... + a C (with a 0) ... (eq2.11) 

‘l 'l ‘k \ 'k 

is a linear combination of class- weight w (u)of columns form amongst 
the columns of H. 

Now if every linear combination of class- weight w-1 or less of 
columns form amongst the columns of H is non-null then for an n-tuple 
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u - (ai, an) with class-weight w (u)less than or equal to w-1, we 


uH^?iO (using eq 2.11) 

Hence u is not a code word in therefore no n-tuple with class- 
weight w-1 or less can be a code word in From this it follows that 
every code word in ^ must have class- weight at least w. 

Conversely, let the minimum class-weight of the code be w and 

a, C. +a, C. +...+ a. C. , ... (eq2.12) 

'i 'i '2 ‘2 't ‘t 


a?^:01<i^n, 
ij j 

be a linear combination of class- weight not exceeding w- 1 of column from 
those of H. Clearly 

Yw (a)<w — 1 ... (eq2.13) 

i-i n 'j 

consider an n- vector u= (ui, ..., Un) such that 

u = a for j = 1, ..., t. 
i . i ■ 

J J 


with rest of the entries in u being 0, then 
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^ w -1 (from (eq 2.13) ...(eq2.14) 

' j=l 1 j 

As minimum class-weight of ^ is w, therefore, u cannot be a code 
word in 3'- Hence 

MH'^ 0, 


which implies 


a C + a C + ... + a C ^ 0 
'i 'i '2 h h 't 

This completes the proof of the theorem. 

Corollary 2.1: In the case of Hamming metric, the phrase every linear 
combination of class-weight w-1 or less of columns form those of H is 
non-null occurring the Theorem 2.4 is equivalent to the phrase every 
combination of w-1 or fewer columns of H is linearly independent and 
hence the result of Theorem 2.4 reduces to that of Corollary 3.1 of 
Peterson and Weldon (1972). 

2.5 Channel Models and Class-Metrics 

In this section, we characterized a discrete, memoryless and symmetric 
channel for class-metric. 

We consider only those matchings of a channel and a metric d for 
which the input alphabet and the output alphabet each equals the ring 
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Zq of integers mod q and the set {p0 |i)} of probabilities of receiving j’s 
when i’s are transmitted, satisfies 

i) pO 1 i = PO-i 1 0) = PG-i) for i, j e Zq 
and 

ii) p(b), the probability of receiving b when 0 is transmitted, depends on 
the class Bs to which b belongs in P-partition Pi = {Bo, Bi, ..., Bm-i} of Zq 

determining the metric d inZ" . Let 

^1 q 


p(b) = ps for b € Bs 


Then we callp , the set of class-error probabilities of the channel. 

The next two theorems characterize channels in terms of class-error 
probabilities determined buy a class-metric. 

Theorem 2.5: A discrete, memoryless symmetric channel, having input 
symbols form Zq strictly matches a class-metric d^^ determined by the 


P-partition 

Pi — (Bo, Bi, ..., Bm-i} of Zqi for MLD iff 

i 

P, 

p > p and p . = -p 

0 • ‘ p" 

^0 
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Theorem 2.6: A discrete, memoryless, symmetric channel is strictly 
matched to the class-metric d determined by the P-partition 

= {Bo, Bi, ..., Bm-i} of Zq; for BDD of radius t, iff 


n p, 


j=i 



> 


n 



2:t + l 


P. 

j 


i=o 
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Chapter III 


CONSTRUCTION OF CLASS-ERROR-CORRECTING CODES 
AND BOUNDS ON NUMBER OF PARITY-CHECKS 


3.1 Introduction 


3.2 Codes Correcting Patterns of Class-Weight One 


3.3 Hamming-Type and Plotkin-Type Bounds 


3.4 Varshamov-Gilbert-Like Bound 


3.5 Codes Detecting/ Correcting Random Errors Having Constraint 
on Magnitude of Error in a Position and/ or Number of Error 
Positions 


CHAPTER-III 


CONSTRUCTION OF CLASS-ERROR-CORRECTING CODES AND 
BOUNDS ON NUMBER OF PARITY-CHECKS 

3.1 Introduction 

As emphasized earlier, a good part of coding theory is devoted to the 
construction of codes detecting/ correcting errors and finding out of 
decoding algorithms for such codes. Most of the codes have been 
constructed to correct errors arising out of the channels matching 
Hamming metric. Though, there are some good Lee-metric codes also 
(refer Berlekamp, 1968; Golomb and Welch, 1968; Chiang and Wolf, 
1971). 

Chapter III is devoted to the construction of some codes correcting 
additive errors on symmetric memoryless channels matching a metric 
not necessarily that due to Hamming or Lee, but a class-metric as 
introduced in previous chapter. Also we find out bounds on number of 
parity checks required in codes correcting error patterns on these 
channels. 

In Section 3.2 we give single-class-error-correcting codes by constructing 
their parity-check matrices using two different methods. The 
construction of the parity-check matrices is on the lines of those given 
for Hamming codes, (refer Peterson and Weldon, 1972) or codes 
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correcting single Lee-errors (refer Berlekamp, 1968). An example is given 
to demonstrate the advantage of this general procedure. 

Section 3.3 derives Hamming-sphere-type and Plotkin-type bounds for 
codes correcting a given number of class-errors. To derive these bounds, 
we extend the notions of a sphere, surface area and volume of a sphere 
(refer Berlekamp, 1968), already defined for Hamming and Lee metrics, 
to those for a general class-metric. Also, for the sake of convenience of 
notation, we introduce the notion of a spherical hull. 

In Section 3.4 we find Varshamov-Gilbert- type bounds on sufficient 
number of parity-checks for codes correcting a given number of class- 
errors. 

In Section 3.5, we introduce a number of error-spheres on the lines 
suggested by Golomb (1969) and make use of these error-spheres in 
fining out necessary and sufficient number of parity checks required in 
codes correcting different type of error patterns. 

We start by defining an error pattern of a given class-weight. 

Definition: Let y = (bi, ..., bn) be the received vector when u = (ai, ..., an) 
was transmitted, then the vector e = (ei, ..., Cn) with the code ei = bi-ai, 
will be called an error pattern of class-weight t if the class-weight of the 
vector e is t. 
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In particular a vector e = (0, 0, 0, ej, 0, 0) is an error pattern of 

class-weight one, where the element ej of Zq has class-weight one. 


The codes considered in this chapter are over the finite field Zq of integers 
mod q, for q prime. Also the class-metric to be employed in these codes is 
determined by the P -partition P i = {Bo, Bi, ..., Bm-i } of Zq. 

3.2 Codes Correcting Patterns of Class-Weight One 


We detail the procedure for the construction and decoding of the codes 
capable of correcting all error patterns of class-weight one. The following 
definition will be useful in describing the decoding procedures for these 
codes: 


T T 

Definition: The norm of a r-column- vector u = (a^, ..., a^) , ai belonging 
to Zq , denoted by [u’’''] , is defined as 




r-l 

a q + ... + a q -f a 

r r-K r 


It is straight forward to show that 



<=> u 



... (eqS.l) 


Goiistructioiii A code is fully devised if we arc able to construct a parity 
check inatiix H ^ fo it. Also, a code capable of correcting error patterns of 
class-weight one should have xniniinuiTi class-weight at least three. 
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Therefore, from Theorem 2.4, it follows that every linear combination of 
class-weight two or less of the columns of H should be non-null. This fact 
(c.f. Peterson and Weldon, 1972) can help us in the construction of a 
suitable parity-check matrix H for the code. 

Let a nonzero r- tuple say Ci over Zq be taken as the first column of H. In 
general, after selecting j-1 columns C^, ..., C . ^ of H, a nonzero r-tuple is 

taken as j* column Cj of H, provided that a linear combination of class- 
weight less than or equal to two, of any of the previous column and C. is 

non-null, i.e., 

aC, 4 - bCj ^ 0 , 

where and (a) + w^ (b) < 2 

Choosing n columns of H in this way, we are able to construct a parity- 
check matrix of a single class-error-correcting code of length n. 

The largest value of n, i.e., a maximum length code with a pre-assigned 
number of parity checks r will be given by a parity-check matrix H 
having maximum number of columns that we can select in this fashion. 
Let nmax denote the maximum value of n, the length of the code 
constructed above having r parity checks. Next we determine upper and 
lower bounds of nmax in the next theorem. 

Theorem 3.1: Given a P-partition = {Bo, Bi, ..., Bm-i } of Zq, q prime, 
determining the class-metric under consideration; bound over nmax, the 
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... (eq3.2) 


maximum possible length of the single class-error-correcting code having 
r parity checks, constructed above, are given by 


q 

q -1 

< n < 

max 

fq'-O 


q 

i- 

1 

q - 1 

V ^ y 


B B 1 

1 1 





B 

1 



... (eq3.3) 


Where [x] and |_xj denote respectively the smallest integer containing x 
and the largest integer contained in x and 


1 1 



and 

= number of elements in B B"' . 

11 

Proof: We prove the result by taking nmax as the maximum possible 
number of columns in the parity-check matrix H of the given code. 

From the argument given in the construction of the code and from 
(eq 3.2), it follows that it is sufficient to find out the maximum number of 
r-tuples over Zq, for which Bi-multiples (i.e., multiples by elements of Bi) 
of one r-tuple, are different from Bi-multiples of the other r-tuple, i.e., if 
Ct and Cj are two such r-tuples, then 

aC 9 ^ bC fora,b € B 

■: y . t . j .. 1 


B B"' 

I I 


...(eq3.4) 


(for a e Bi <=> -a e Bi) 


For this, we consider the set of all nonzero r- tuples. This set has q^^-l 

elements. We partition this set into (q^-l)/(q-l) classes; each class 
containing q-1 mutual scalar multiple r- tuple. From the construction of 
the classes, it is clear that an r-tuple from one class cannot be a scalar 
multiple of an r-tuple from another class. Therefore, an r-tuple from one 
class cannot be a Bi -multiple (because Bi is a subset of Zq ~ {0}) of an 
r-tuple from another class. 


Thus, there are as least (q'^-l)/(q-l) r-tuples, one from each class, such 
that Bi -multiples of one r-tuple are distinct from Bi -multiples of the 
other r-tuple. 


Further, if I is the maximum possible number of those elements of 
Zq ~ {0}, for which Bi -multiples of one element are distinct from Bi- 
multiples of the other elements, then we can choose maximum I r-tuples 
from each class of the partition of the set of all r-tuples. Therefore, 


n 

max 



q-1 



... (eq3.5) 


In view of (eq 3.5), it is sufficient to find bounds on 1, in order of prove 
(eq 3.3) 

Obviously, 
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... (eq3.6) 

Further, it is easy to see that Z > 1; as any element of Zq ~ {0} can be 
chosen as the first element in order to find the lower bound of 1. Let us 
take this element as ai=l. 

Again, a nonzero element a exists in Zq such that no Bi-multiple of a 
equals an element of Bi, i.e., 

a^B‘riB^=(t) ... {eq3.7) 

If and only if 

a g B B”’ . 

2 1 1 

Therefore, it follows that 

I >2, if(q-l)>BB^‘ 


• (ap = {ab : b e B) 


... (eq 3.8) 
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Continuing like this, we can find out nonzero elements a =1, a , a in 

Zq such that Bi -multiples of one of a’s the are distinct from Bi-multiples 
of the other a, if and only if 

a g a B B ' for j > i 
Jill ^ 

At worst all the sets tn^-Y be disjoint. 

Therefore, we can find out an if 

(q-l)>(f-l)|BB"'| ... (eq3.9) 

As I is the maximum value for f, therefore 

i.e., 

il— <l ... (eqS.lO) 

B B"^ 

11 

From (eq 3.5, eq 3.6 and eq 3. 10) we get the required bounds of nmax . 

Now we describe a decoding procedure for the code constructed in this 
section. 
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Decoding of the above Code: To facilitate decoding of the code, we 
arrange the columns in H in the order of increasing norms of the 
columns, i.e., if u^ and are two r-columns in H then precedes v^in 


H if 


u 


, the norm of u^ is less than 


y , the norm of y^. After arranging 


the columns in H in this manner, we denote by the number of the 

position of columns u^ in H. 


Let b be the received n-vector when an n-vector a was transmitted such 
that class-distance between b and a is one or less, i.e., class-weight of 
the error-pattern e added to the transmitted vector does not exceed one. 
We calculate the syndrome bH^ of the received vector b. If this syndrome 
is the null vector, then b is a code word and we assume that b is the 
transmitted code word. On the other hand, if the syndrome of the 
received vector is non-null, we know that, it is equal to the syndrome of 
the error-pattern. Also, an error-pattern of class-weight one has only one 
non-zero component. Therefore, S5mdrome of such an error-pattern is a 
multiple of a column of H with an element of the class Bi . 

Thus the syndrome of the received vector is a multiple of a column of H 
with an element of Bi. By the construction of H, multiples of the columns 
of H by elements of Bi are all distinct. Let. 

bH’' = f.C,, 

“ J ' 
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Where f is an element of Bi and Cj is a column in H. Then f is the error in 
position. Thus, error pattern e is an n-vector in which p (C.)th 

component is f and all other components are zero. Subtracting e from the 
received vector b we get the required vector. 

An example is given below to show that if the error patterns on a 
channel, are of class-weight one, then construction of codes correcting 
these error-patterns by the method given in this section, gives code 
words having length twice the length of the code words in single-error- 
correcting Hamming codes, where all other parameters (different from 
length) are same in the two codes. 

Example. Let q = 19, Bi = {1,2,3,16,17,18}, 

r = number of parity checks = 2. Then the parity check matrix 
constructed by the method given in this section, of the code, which is 
capable of correcting any error with value as l, 2, 3, 16, 17 or 18 in a 
single position, is given by 

Position number 1 2 3 4 ... 21 22 23 ... 39 40 

“O 0 1 1 ... 1 4 4 ... 4 4“ 

^ " 1 4 0 1 ... 18 0 1 ... 17 18 

The code which has H as its parity-eheck matrix, is of length 40, whereas 
the corresponding single-error-correcting Hamming code has length 20. 


3.2.1 Another Class of Parity Check Matrices for Single-Class-Error- 
Correcting Codes 

We give another method of constructing a parity check matrix for a 
code of length n, which uses r parity checks and is capable of correcting 
all error patterns of class-weight one. The method of construction of 
these codes is on the lines of those followed by Berlekamp ((1968), page 
208) in constructing codes correcting errors of ±1 in a single place (i.e., 
errors of Lee-weight one). This method uses the idea of labeling different 
digits of the code with nonzero element) in an extension field of Zq, the 
code alphabet, where q is a prime number. As mentioned earlier, class- 
metric under consideration is determined by a ??-partition 
/^1 ” {Bo,Bl,....,Bni-l} of Zq. 

Construction: Let K be the smallest multiplicative subgroup (having 
least possible number of elements) of Zq~{0}, which contains Bi. Then the 
length of the code (to be constructed) using r parity check symbols is 
given by 



... (eqS.ll)! 


Where I K I is the number of elements in K. 


Let a be a primitive element of an extension field F of degree r, of Zq and 


> R H S in eq 3.11 is a natural number as |K| , the number of elements in a sub group 
divides the number of elements in the group (i.e. 
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... (eq3.12) 


be the parity check matrix of a code Ch, where n is given by (eq 3. 1 1). 

For the code Ch to be capable of correcting all error patterns of 
class-weight one, all such error patterns should have distinct syndromes. 
This will be true, if we are able to show that 

aa' ba-’ , 

fora,b€Bi, a^^b and l<i, j<n-l. 

Let us consider 

aa‘ = ba-*, fori, j = 1,2, , n - 1 and a b 

i.e. a*"-' = a"'b ... (eq3.13) 

Assuming that i is greater than or equal to j, we get 

0 < i-j < n-1. 

Then 

(i - j)|k| < n.|k| = -3^ I k 1 = q' -1 (from (eq 3. 1 1)) 

rl 

Therefore 
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(i-j) |K1 <q>^-l. 


... (eq3.14) 


Now a and b being elements of Bi, are elements of K. Therefore a- ^b is an 
element of K and hence aH is an element of K. This is true if and only if 

ai-j = 0,0 = 1 (because of (eq 3.14 and a^=K or disticnct for 0 < t < n) 
Therefore, from (eq 3.13), we get 


a = b, 

which is in contradiction to what we assumed. Thus 

aa*^ 5* bai . 

Decoding: As in the previous case, we calculate the syndrome c of the 
received vector c. 

If cRT is the null vector then we assume that c is the transmitted code 
word. Otherwise cH"^ is equal to a.aS the syndrome of some error pattern 
having an entry a of class-weight one in (i+l)*^ position. As syndrome of 
error patterns of class- weight one are distinct, therefore, an error pattern 
of class-weight one is determined uniquely. Subtracting the error pattern 
from the received vector, we get the transmitted vector (assuming class- 
weight of error patterns does not exceed one). 
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Next we give an example to explain these ideas. 


Example ; Let q - 31, r = number of parity checks = 2, and 
Bi = {1, 2, 29, 30}. 

Then K, the smallest subgroup of Z 31 ~ {0} containing Bi, is such that 
K = [29] = subgroup generated by the element 29 of Z 31 ~ {0} 
and 1K| = order of 29 in the multiplicative group Z 31 ~{0} = 10. 

Then n, the length of the desired code is given by 

N = (312-1)/10 = 96 

Let a be a primitive element of the field F, an extension of degree 2 over 
Z 31 . Then the parity-check matrix of a code correcting all error patterns 
having entries 1 , 2, 29 or 30 in a single place is given by 

H = [1, a, ..., 

Remarks: The last class of codes constructed above, corrects not only 
error patterns having class-weight one, but all error patterns having an 
entry from K in a single place, K being the smallest multiplicative 
subgroup of Zq ~ {0} containing Bi. These codes are more useful in the 
case when number of elements in K is comparatively much smaller than 
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number of elements in Zq. Otherwise, Hamming codes correcting single 
error, are more suitable. It may be noted that if 


B = {± 1} then K = B , 

1 V j 7 


and the class of codes constructed above coincides with the class of Lee- 
metric codes correcting ±1 in a single place, given in Berlekamp (1968). 
Again if 




then Bi coincides with K and codes constructed above are single- 
Hamming-error-correcting codes. In only these two situations, Bi 
coincides with K. 

We mentioned in Chapter I that the subject of error-correcting 
codes had arisen because of practical needs. Therefore, it is important to 
evaluate the performance of a code, which in the case of random errors is 
judged in terms of minimum distance and/or number of parity checks 
used, when the channel is not specified (i.e., is arbitrary). As it is not 
possible always to find minimum distance or number of parity checks 
used, therefore bounds are derived on these. Hamming bound (c.f. 
Hamming, 1950), Plotkin bound (c.f. Plotkin, I960) and Varshamov- 
Gilbert-Sacks bound (c.f., Peterson and Weldon, 1972) are some well- 
known bounds for Hamming metric codes. In the next sections, we will 
find similar bounds for codes correcting random errors on class-metric 
channels. In Section 3.3, we discuss only upper bounds. 
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3.3 Hamming-Type and Plotkin-Type Bounds 

Let ^ be a P-partition of Zq, which determines the 

class-metric, which we use in our considerations. Upper bounds on 
minimum class-distances are obtained by employing the technique of 
sphere-packing due to Hamming (1950) and that of taking average due to 
Plotkin (1960). For this, we require extensions of the notions of a sphere, 
surface area of a sphere and volume of a sphere, (c.f. Berlekamp, 1968), 
given already for Hamming and Lee metrics, to chose for class-metrics. 
For these definitions and in Theorem 3.2, q may be any positive integer 
not necessarily a prime. 

Definition: The set of all n-tuples over Zq, having class-distances from a 
fixed n-tuple, less than or equal to a non-negative integer t is called a 
sphere of class-radius t. The fixed point is called the centre of the sphere. 

Definition: The surface area of a sphere of class-radius t denoted 
byA*'"^ , is the number of n-tuples having class-distance t from the 

center. 

Definition: The volume of the sphere of class-radius t, denoted by V*''2 , 
is the number of n-tuples having class-distance less than or equal to t. 

Clearly: 

= y ••• (^9 3.15) 

i=0 

A^"^ denote all n-tuples which have exact i class-weight, where as 
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denote n-tuple which have class weight t or less. 

t,P^ 

Generating Functions: To find out the values of and for 

given values of n and t and for a P-partition , ^ | of Zq, 

we consider the following generating function 


a!;'{z) = SAf’zV ...(eq3. 16) 

n i=o '’H 

Since the class-distance is additive over n (refer eq 2.2), the generating 
function A|"^(z)is multiplicative over n positions and hence 


a!;>{z) 


n 


A®(z) 

, M 


1 + 


n^z 


4- 


n z 

m-l 


m-1 


I 


(eqS.l?) 


Where 



n . and m is the number of classes in Pi 


The multinomial expansion, (refer Riordon, 1958), of R.H.S. of (eq 3.17), 
on comparison with (eq 3.16), gives 


A' 


(n) ^ 
t;?? 


n! 


S. 

I 


:s^i. 




.n 


m-l 


m-l 
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Where 


Sq + Si + ... + s^_i = n (number of positions in n-tuple) 

and 

0.S + 1.S + 2.S + ... + (m - l)s = t 

Now 

V'"’ can be calculated by summing over t, 0 < t < T, (refer eq 3.15). 

For convenience of reference in future, we state the results giving 

the values of and V*-'^ in the form of the following theorem. 
t’H 


Theorem 3.2: Given a ^-partition B _Jof Zq determining 

the class-metric under consideration, and two non-negative integers n 
and t, n > 1; A^"^and the set of all n-tuples having class-distances 

respectively equal to t and less than or equal to t, from a fixed n-tuple, 
are given by 


where 


B. 


n. 


and Si’s satisfy 


A^"l = I 


n! 




g s ! s !..s ! 1 

1 0 1 m-l 


Si s 1 




y ... (eq S.lS) 


s„ + s, + ....s ; = nand s + 2s +.... + (m-l)s - t 

0 l m-l ‘ ^ "'V 
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and 


V"* S, S- S 

S. s„!s J..5 ! > 2 m-l 

1 0 1 m-l 


Where 


Si's satisfy 


... (eq3.19) 


+ s + ... + s , = n and 

0 1 m-l 


s, + 2s^ + ... + (m - l)s < t 

1 2 ^ m~I 


respectively. 


Explanation: In case either n < 0 and/or t < 0, the spheres with these 
parameters are non-existing. We will assume that 


A'"’ = 0 and = 0 


If n<0 and/or t<0 


... (eq 3.20) 


Further, class-distance of an n-tuple cannot exceed n(m-l) from another 
n- tuple (say the center of the sphere), therefore 


= 0 and = q” 

t,P, t,P, n(m-l),?’ 


... (eq3. 21) 


for t > n(m-l) 


89 


Corollary 3.1. In the case of Hamming metric, we have m-1 = 1 and 

A = = {Bo, Bi}, 


where Bi = (1,2, , q-1}, 


and thus B = q - 1 


Therefore 


H t 


(q - 1)‘ 


... (eq3.22) 


= I (q - If 

s=0 s 


... (eq3.23) 


Corollary 3.2; In the case of Lee metric, q an odd positive integer, we 


have 


m-1 = {q-l)/2, Pi = Pl = {Bo, Bi, ,B(q-i)/ 2 }, 


where Bi = {i, q-i} for i = 1,2. 


Therefore 
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B = 2 for all i . 

i 

Thus 




L s 


s ! s 1..5 ! 


,2"-^o 


i 0 1 (q-l)/2 


= 2"n!S 


s s !s !..s ! ^^0 

0 1 (q-l)/2 2" 


Where 


s + S + ... + 

0 1 (q-l)/2 


. (q-i) 

+ + + =t 

2 


V‘"^ = 2"n!y ■ ;- -- 

I.R . S S ..J 


T^s !s I..S ! 2 

0 1 (q-I )/2 


where 


s + s + ... + s = n and. 

^0 1 (q-l)/2 


s; + 28^ + ... + Hy- S(^_,)y2 ^ Y 


(eq 3.24) 


(eq 3.25) 


For even q, the values of and may be obtained with 

minor modifications. However in this thesis we require these values only 
for q an odd integer. 

For the sake of convenience of notations and reference we 
introduce the notion of a spherical hull. 

Definition: The set of all n-tuples having class-distances from a fixed n- 
tuple (the center) less than or equal to ti and greater than ta (with ti > ta), 
is called a spherical hull of radii ti and ts. 

Definition: The volume of a spherical hull, denoted by , is the set 

Vh’U 

of all n-tuples having class-distances less than or equal to ti and greater 
than t 2 from the center. 




... (eq3.26) 


3.3.1 Hamming-Type Bound 

The following bound is true in the case of even non-linear codes. 

Theorem 3.3: Given a P-partition ?’i - {Bo, Bi , Bm-i} of Zq 

determining the class-metric under consideration, the number of code 
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words M in a code capable of correcting every error pattern of class- 
weight t or less, satisfies 


M < 


n 


q 

V(n) 

t,P, 


... (eq 3.27) 


Proof: For a code to be capable of correcting error patterns of class- 
weight t or less, the spheres of class-radii t or less having the codewords 
as their centers should be disjoint. Therefore 


MV 


(n) 

UP 


< 


... (eq3.28) 


from which follows (eq 3.27). 

3.3.2 Plotkin-Type Bound 

In the next theorem, a bound on number of parity checks is obtained by 
calculating the average weight of code words (c.f. Plotkin, 1960). For the 
main result we require the following two lemmas: 


Lemma 3.1: Given a P-partition Pi = {Bo, Bi, ..., Bm-i} of Zq, q prime, 

determining the class-weight under consideration, the minimum class- 

distance d of an (n, k) linear code over Zq, does not exceed 
P 


nq'^-'WiP) 


Where WCiZj) 


... (eq 3.29) 


m-i ’ 

li' 

i=l 


B. 
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is the sum of the class- weights of the letters of the alphabet 

{ 0 , 1 ,. 


Proof; Arrange all the code words as rows of a matrix in such a way that 
no column contains all zeros. Then, (c.f. Peterson and Weldon (1972), 
Problem 3.5), each field element appears q^-i times in each column. 
Therefore, the sum of class-weights of the code words of the given (n, k) 
linear code is 


nq 


k-l 




B. + 2! 


B, 


+ "I” - 


= nq'-'W(P) . 

The proof follows from the fact that the minimum never exceeds the 
average. 

Let B (n,d) denote the size of the maximal linear code of length n and 
minimum class-distance d. Then 

Lemma 3.2: If n > d, 

B^(n,d)<qB (n-l,d). 

u I 

Proof: Let Ci be a linear code having length n, minimum class-distance d 
and number of code words equal to B_ (n, d) . Then the set of all the code 

words of Cl which have zero as their last component form a subspace C 2 

of Cl having i B (n, d) number of code words from Ci. If we drop last 

q \ 

components from each member of C 2 we get a code of length (n-l) with 


miniinum class-distance d and number of code words equal to 

— B (n, d) . Hence 
q 


1 


B (n-l,d)>-B^(n.d) 


q ^ 


proving thereby the lemma. 

Theorem 3.4: Given a P-partition A = {Bo, Bi, Bm-i} of Zq determining 
the class-metric under consideration, and n > (qd - l) / W(;Z5), 

the number of parity-check symbols required to achieve minimum class- 
distance d in an n-symbol linear code over Zq, q prime, is at least 


qd - 1 

1 - log d 

W(P) ^ 


.. (eq 3.30) 


where 


W 



B. 

^ i=i ' 

1 


Proof: Applying lemma 3.1 to a linear code of length i having k 
information symbols, we get 


i.e. q‘-'(qd-iw(p))<d 


and if 


qd - i W{Pi) > 0 


then 


q‘< ^ 

qd-iW(?^) 


... (eq3.31) 


Let i = [(qd - l)/ W(??)J 

fe^ = i + f forO<f <l ... (eq3.32) 

W(P) • 

then 

qd=W(??i)(i+f) + 1. 

Substituting this value of qd in the denominator of R.H.S. in (eq 3.31) we 
get 

^ )- (i + w(;z?)f) 

In case n > i, applying Lemma 3.2 we get 
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B (n, d) < q”-iB (i, d) 

n-{(qd-l)/W(P)}+f qd 

(l + W(?5)f j ... (eq3.33) 

(substituting the value of i from (eq 3.32)). 

Also < 1 + (q - l)f < q + W(;z?)f (W(?>i) > q-1) 

Using this inequality in (eq 3.33), we get 

i.e. 

T3 ( a\ ^ n-|(qd-l)/W(?’)} 

B (n, d) < q ' V • 

Since B (n, d) = q*^ for the code with maximum minimum distance, 
where k is the number of information symbols for that code, we have 

qd - 1 

S + '“8, 

from which (eq 3.30) follows directly. 
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Remarks: The corresponding results for Hamming and Lee metrics can 
be directly obtained from Theorem 3.4 as follows: 

For Hamming metric, we have 


^{P^) = q-1 


... (eq 3.34) 


Using (eq 3.34), Theorem 3.4 reduces to Theorem 4.1 of Peterson and 
Weldon (1972). 

Next, for Lee metric 






for q an odd prime 


... (eq3.35) 


Using (eq 3.35), the result of Theorem 3.4 reduces to the following 


Corollary 3.3: If n > 4(qd - l) /(q^ - l), q an odd prime, the number of 
parity-check symbols required to achieve minimum Lee-distance d in an 
(n, k) linear code is at least 




3.4 Varshamov-Gilbert-Like Bound 

In this section, we derive Varshamov-Gilbert-type bound on sufficient 
number of parity checks required in codes correcting a given number of 
random errors on class-metric channels. The method adopted is on the 
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line of that given by Sacks (1958) for deriving Varshamov-Gilbert bound. 
This is taken up in the next theorem. 

Theorem 3.5: Given a P-partition Pi = {Bo,Bi , Bm-i} of Zq 

determining the class-metric under consideration, it is always possible to 
construct an (n, k) linear code with minimum class-distance d, if the 
following inequality holds 

2 ...(eqs.se) 

where ^ is given by (eq 3.19). 

Proof: The existence of such a code will be shown by constructing an 
appropriate (n-k)xn parity-check matrix H. 

A nonzero (n-k)-tuple may be chosen as the first column of H (c.f. 
Theorem 4.7, Peterson and Weldon, 1972). Subsequent columns may be 

added such that after having selected j-1 columns hi, h. 2 , ,hj-i, a 

column hj is added provided that it is not a linear combination of class- 
weight d-2 or less of the columns from amongst the previous columns. In 
the worst possible case, when all the linear combinations of class-weight 
d-2 or less of the columns from amongst the previous j-1 columns, are 
distinct; their number being equal to the number of all nonzero (j-1)- 
tuples of class-weight d-2 or less, is 

yh’b _ 1 (excluding the all-zero vectors) 

■ d — 2,7^. 

For j < n, the set of all the q^-k-l nonzero (n-k) -tuples will not be 
exhausted provided that 
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... (eq3.37) 


If n is the largest value of j for which inequality (eq 3.37) holds, an (n, k) 
linear code will exist satisfying (eq 3.36). 

In the case of Hamming metric, using (eq 3.23), it easily follows that 
Theorem 3.5 given above reduces to Theorem 4.7 of Peterson and Weldon 
(1972). 


In the case of Lee metric Theorem 3.5 can be stated as 

Corollary 3.4: It is always possible to construct an (n, k) linear code over 
Zq, q an odd prime, with minimum Lee distance d if the following 
inequality holds 

>q'”\ ... (eq3.38) 

where V" is given by (eq 3.25). 

3.5 Codes detecting/ Correcting Random Errors Having Constraint 
on Magnitude of Error in a Position and/or Number of Error 
Positions 

The formulation of a problem of detection or correction of errors arising 
out of a faulty communication channel is essentially based on the notion 
of error-metric. Golomb (1962) gave a systematic treatment of the 
general class of metrics that might reasonably correspond to the error 
patterns which are encountered in actual communication system. 
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The treatment is based on the idea of a general error sphere in the space 
of n-tuples. More precisely, for an n-tuple A = (ai,.. ,an) over an 

alphabet set Zq and a weight function in Z" , a sphere S (A) is defined 

C[ hmi 

as the set of all the n-tuples B = (bi, ,bn) over Zq for which 

i) ai is different from bi for at most h i's, i.e., number of places in 
which A and B differ is at most h; 


ii) the weight of the difference in each of the corresponding entries 


in A and B does not exceed m, i.e. 
and 


< mfor i=l,...,n ; 


iii) The sum of the weights of the differences in all the co-ordinates 
does not exceed I 


The significance of the idea is that it helps in reducing the number of 
parity-check symbols and hence in increasing the efficiency of the 
communication systems, in situations where either the number of 
positions in which errors occur is small as compared to the code length 
and/or the magnitude of errors in each of the different positions is less 
than the maximum magnitude possible in a position. These situations 
may be seen arising in practical when we dial a number on the 
telephone. In normal circumstances, the number of digits, which are 
received incorrectly, is small as compared to that are in the number 
dialed. Even in the case of receiving wrong digit, it may not deviate 
much from the digit sent, e.g., if we dial 5 on the telephone, then in the 
case of faulty instrument which suppresses or picks up at the most two 
pulses, what can be received is only 3, 4, 5,6, or 7 and no other digit. 
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For such situations, it will be wastage of resources to devise codes 
correcting errors having no restriction on number of error positions 
and/or on the magnitude of error in a position. Because then the code 
will have inbuilt property of correcting even those errors which are not 
going to arise at all. This will amount to having more parity-check digits 
than in fact suffice by making use of the above idea due to Golomb 
(1969). 

In the case of Hamming metric, the notion of restricted magnitude of an 
error position is irrelevant as every nonzero position has weight one. But 
for a class-metric other than Hamming, we can think of imposing this 
condition on error vectors. 

Sharma and Goel (1978) have made investigations about codes having 
restrictions on number of error positions and/or magnitude of an error 
position with reference to Lee metric. They have introduced the notion of 
Limited Intensity of noise for Lee metric, that is based on magnitude or 
on an error position. 

In this section we propose to obtain lower and upper bounds on 
respectively the necessary and sufficient number of parity-check symbols 
required in codes correcting random errors with restrictions on number 
of positions and/or magnitude of an error position. These bounds are 
derived with reference to a class-metric. 

The studies require introduction of some definitions. First we extend the 
idea of “Limited Intensity” to class-metric codes. 

Definition: Given a ??-partition Pi = {Bo,Bi....... Bm-i} of Zq determining a 

class metric under consideration in the space of n-tuples over Zq, and 
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that the vector V - (b ,b b jb. eZ is received when the vector 

— ^ transmitted. Then intensity of noise is 

given by 


max 

l<i<n 


Further, a vector u = a^ j will be said to have intensity a if 



max 

l<i<n 

Next we define some specific purpose error-spheres on the lines 
suggested by Golomb (1969). 

Definition: Given a JZ’-partition Pi = {Bo,Bi , Bm-i} of Zq, determining 

the class-metric under consideration in the space of n-tuples over Zq, we 
define a b-position sphere of class-radius t with center u = (a^, a^,..., a^j 

as the set of all n-tuples y = (b^, b^ j over Zq for which the following 

two conditions hold: 

i) ai bi for most b i's 

and ii) d (u,y) < t 

Thus sphere is denoted by 


/ 

\ 

(a 



i/ 
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Further, a sphere of class-radius t and intensity lirnited by d with center 

= is defined as the set of all n-tuples 

V = (bj, j for which in addition to condition ii) given above, the 

following condition 

iii) dj^(a.,bJ<a for i = l,2,...,n 

is satisfied. (However, condition (i) may not be satisfied) 

We denote this sphere by S*”^’*(u). 

Next we define a ‘b-position sphere of class-radius t and intensity limited 
by cC with center u = (a^, a^,..., a^j as the set of all n-tuples 

V = (bj, b^,..., b^ jwhich satisfy conditions (i), (ii) and (iii) given above. 

This sphere is denoted by 

In our studies we do not require the center u and hence we may drop u 
from the notations, and hence the spheres 

defined above will be denoted respectively by and . 

The surface areas of the spheres S^"^’^and denoted 

t,P, t,?> 

respectively by A^"^’® and are the numbers of n-tuples in the 

respective spheres whose class-distances from the centers are exactly t. 
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denoted 


Also the volume of the spheres S^^^’^and 

UP^ t,?? t,?| 

respectively by V^'^’^^.nd are the numbers of n-tuples in 

the respective spheres. 


It is a straightforward matter to see that A’s and V’s defined above are 
independent of the center of the sphere. Hence we may calculate A’s and 
V’s by taking origin as the centre. 


Then proceeding on the lines of method adopted in determining A^"^ and 

V^'2 given in Theorem 3.2, we can determine the values for different A’s 

and V’s considered above. These values are given in the form of the next 
theorem for the convenience of the future references. 


Theorem 3.6: Given a P-partition Pi = ..., Bm-i} of Zq determining 

the class-metric under consideration in the space of n-tuples over Zq and 
non-negative integers n, t, b and a, such that 1 < a < m-1; 

b < n, t < (m-l)n, then the number of n-tuples over Zq having at 

t,?’ 

most b nonzero entries and that are of class-weight t is given by 

b! s. s . 


t.p, b 




n ‘ ....n 

s !s !,..., s ! ' 


0 1 


m-1 


where 


B 


n.and si's satisfy 


s + s + ... + s , = b 
0 1 m-1 




and Sj + 2s^ + ... -i- (m - = t- 
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(eq 3.39) 


J 



the number of n- tuples over Zq having at most b nonzero 


Then V 


(n,b) 


entries and class-weight t or less is given by 


V 


(n,b) 


= SA 


i=0 


(n,b) 


... (eq3.40) 


Also 


the mamber of n-tuples over Zq having class-weight t and intensity 
t’^i 

limited by a (i.e. none of the n-tuples has an entry of class-weight more 
than a), is given by 


A 


(n),a 

~t,P 


n! s, 

n ' 

' s !s s ! ' 

Ola 



A 


where 


|B. = n and 

I I I 


s + s - 1 - ... + s = n 
0 1 a 


(eq3.41) 


and Sj + 2s^ -i- ... + as^ - t. 
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Then .j, > the number of n-tuples over Zq having class-weight t or less 
and intensity limited by a is given by 


V' 


(n),a 


= lA 


!=0 


(n),a 


... {eq3.42) 


Further 

^(n,b),a ^ number of n-tuples over Zq with intensity limited by a having 

class-weight t and in which number of nonzero entries does not exceed b, 
is given by 



where 



n.and sfs satisfy 


s + s + ... -1- s = b 

0 1 a 




... (eq 3.43) 


and s + 2s + ... + as = t . ^ 

1 2 a 

v("-b),a number of n-tuples over Zq with intensity limited by ‘a’ 

t,p^ ’ 

having class-weight t or less and in which number of nonzero entries 

does not exceed b is given by 
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... (eq3.44) 


V 


(n,b),a 

t,P 


= ZA^ 


i = 0 


(n,b),a 


Remarks; For n < 0 and/or t < 0 all the numbers A’s and V’s considered 
above are assumed to be zero. Also for n > 1 


i) If t > b{m-l) then 


= 0 


(eq 3.45) 


and 


t,?5 b(m-l),Pj 


(eq 3.46) 


ii) if t > na, then 


= 0 and 




t,?, na.Pj 


(eq 3.47) 


iii) if t > ba, then 


A(">b).a ^ 0 and 


t>P, 




ba.S 


(eq 3.48) 


iv) ifb = nthen 


A 


(n,n) ^ ^(n) y(n.n) ^ yin) 


t,P, t,P, 


t P 


t>P, 


and v) if a = m - 1 then 
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t,?? 


UP, ■ 


In the case of Hamming metric, a = 1 and b = t and hence 


A 


V 


(n,t) 


_ A 

11 




t P 

.(n,t) 

II 


= . 


t.^H 




In the case of Lee metric when q is odd, m-1 = (q-l)/2 and 


B 


= n. 


Then the numbers A’s and V’s considered in Theorem 3.6 become 

2*’ 


A 


(n,b) 


^n^ 


L S. 




b! 


s ! s !..s ! ’ 

0 1 (q-l)/2 2 


where s„ + s + ... + s ,, ,- = b 

0 1 (q-i)''2 


. . (‘I - 

ands, +2s^ + ... + — 2 


y ...{eq3.49) 


n! 2“ 

» (n),a _ y 

s s !s I..S ! 2*“ 

i 0 1 a ^ 




wheres„ + s, + ... + s = n 

0 I a 


and s 4“ 2s + ... + as - t 

1 2 a 




J 
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(eq 3.50) 



and 


A 


(n,b),a _ 




t.i®, 


L s. 


b! 2' 




2'° ’ 


where s„ + s + ... + s = b 

0 1 a 




... (eqS.Sl) 


and s, 4 - 2s^ + ... + as = t 
1 2 a 

J 

and the V 's can be obtained by taking summation over the 
corresponding A 's for i varying from 1 to t. 

‘>^L 


For even q we may find values of A’s and V’s with minor modifications in 
the above arguments. 


The Hamming- type bounds and Varshamov-Gilbert-t 5 rpe upper bounds 
on number of parity check symbols for codes correcting error patterns 
mentioned in this section can be obtained similarly as the corresponding 
bounds for codes correcting random errors of class-weight t or less in 
Theorem 3.3 and Theorem 3.5 respectively, were found. Therefore, we 
just state (without proof) the results concerning lower bounds on number 
of parity-checks as in Theorem 3.7 and results concerning upper bounds 
on number of parity-checks as Theorem 3.8 given below. 

Theorem 3.7: Given a P-partition Pi = {Bo,Bi , Bm-i} of Zq, q prime, 

determining the class-metric under consideration in the space of n- 
tuples over Zq, and non-negative integers a, b, t such that 1 < a < m-1, b 


no 



< n and t < (m-l)n, for an (n, k) linear code over Zq to be able to correct 
all error patterns of class-weight not exceeding t and 

i) in which number of error positions does not exceed b, the 
number of parity-check symbols required is at least 

log, ... {eq3.52) 

where 

is given by (eq 3.40) and (eq 3.39). 
t’U 

ii) with intensity limited by a, i.e., in which none of the error 
positions has class-weight more than a, the number of parity- 
check symbols required is at least 

... (eq3.53) 

where 

V^"^’^is given by (eq 3.42) and (eq 3.41) 

and hi) with intensity limited by a and having number of error 
positions not exceeding b, the number of parity-check 
symbols required is at least 


111 


... (eq 3.54) 



V 


(n,b),a 

t,p, 


where 

y(n b),a .g ^ 3.43). 

t,q 

Next, we state the result concerning Varshamov-Gilbert-Sacks-type 
bounds on number of parity-check symbols in codes correcting error 
patterns considered in this section. 

Theorem 3.8: Given a ^^-partition Pi = {Bo, Bi, ..., Bm-i} of Zq, q prime, 
determining the class metric under consideration and non-negative 
integers a, b, t such that l<a<m-l, b<n and t < (m-l)n, it is always 
possible to construct an (n, k) linear code that corrects all error patterns 
each of which is of class-weight not exceeding d and 

i) with number of error positions not exceeding b, if the following 
inequality holds: 

y(n,b) > n-k 

where 

given by (eq 3.40) and (eq 3.39) 

ii) with intensity limited by a, if the following inequality holds 
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where 


yCnl.a 



is given by (eq 3.42) and (eq 3.41) 


and iii) with intensity limited by a and number of error positions not 
exceeding b, if the following inequality holds 


yCn.bXa 

2d-hP^ 



where 


^ 2 d is given by (eq 3.44) and (eq 3.43) 

Remarks: If in Theorem 3.7 and Theorem 3.8, we take n = b and 
a = (m-1), then all the bounds on number of parity-check symbols 
obtained in Theorem 3.7 coincide with that obtained in Theorem 3.3 and 
similarly all the bounds derived in Theorem 3.8 coincide with those 
obtained in Theorem 3.5. 

Corollary 3.5: In the case of Hamming metric, the restriction on number 
of error positions in error patterns covered in cases (i) of Theorem 3.7 
and Theorem 3.8 is redundant in the sense that t (Hamming) errors in an 
error vector arise out of exactly t nonzero positions in it. 
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Further, the idea of intensity is irrelevant when metric under 
consideration is the Hamming metric, as every (nonzero) error position 
has weight one, i.e., a is always 1. 

Thus in the case of Hamming metric, the results derived in Theorem 3.7 
and Theorem 3.8 coincide respectively with those of Theorem 4.8 and 
Theorem 4.7 given of Peterson and Weldon (1972). 

It seems that a number of interesting code constructions to correct 
random errors are possible with reference to the new metrics. 
Particularly the notion of cyclic codes can possibly be extended with due 
modifications, to a class of codes which may come out to be constacyclic, 
(for definition, refer Berlekamp, 1968). The details and complexities of 
construction and decoding of such codes are yet to be worked out. 
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CHAPTER IV 


BURSTS WITH WEIGHT CONSTRAINTS 
4.1 Introduction 

In Chapter I we have emphasised that the errors introduced by most of 
the channels, tend to occur in bursts rather than occurring at random 
{c.f. Forney, 1971). This leads to the study of burst error-correcting codes 
in which earlier studies have been conducted by Ambramson (1959), Fire 
(1959), Farrell and Hopkins (1982), Daniel (1985), Blaum, Farrell and 
Tilborg (1986, 1988), Abdel-Ghaffar, McElice and Tilborg (1988), Blaum 
(1990), Zhang and Wolf (1990). When bursts are introduced by impulse 
noise, as happens in the case of large number of practical channel, the 
length of burst depends upon the duration of the impulse noise. Also, the 
number of errors, i.e., the density of errors within a burst clearly 
depends upon the intensity of the impulse noise. In the case of the 
behaviour of the channel, either due to impulse noise or otherwise, being 
such that the density of errors in the bursts introduced by the channel is 
either too small or too large, emplo 5 dng the usual burst-correcting codes 
is not quite appropriate for the purposes of efficient transmission over 
such a channel. One class of codes correcting only those bursts in which 
only a limited number of positions are disturbed is given by low-density- 
burst-correcting codes (refer W 3 mer, 1963). 

The problem of the density of errors in a burst in terms of the weight of 
the burst was considered by Sharma and Dass (1974). They introduced 
the notion of the burst with the weight constraints and derived 
Varshamov-Gilbert-type bounds for codes correcting bursts with weight 
constraints. This idea of bursts with weight constrains prompted the 


study of similar problems in terms of other metrics. Sharma and Goel 
(1977) did so in terms of Lee metric. 

Chapter IV is devoted to the study of some problems of 
detecting/ correcting bursts with weight constraints with reference to 
class-metrics. As Hamming and Lee metrics are particular class-metrics, 
some of the results of Sharma and Dass (1974) and Sharma and Goel 
(1977) are derived as particular cases of the corresponding results for 
class-metrics given in this chapter. 

As earlier, we shall consider vectors (ai , ... , an) of length n where an 
are elements of a finite field Zq and the class-metric under consideration 
is determined by a P-Partition Pi= {Bo, Bi, ..., Bm-i} of Zq. As the 
notion of burst will be used very frequently, we repeat its definition 
below (see Chapter-I). 

Definition: A burst of length b is a vector whose only nonzero elements 
are among b successive components, the first and last of which are 
nonzero (Peterson and Weldon, 1972). 

Also we shall need the following definition of a burst with a given class- 
weight based on the idea of a burst with weight constraints. 

Definition: A burst of length b, which has class-weight w as an n-tuple 
over Zq, will be called a burst of length b and class-weight w. 

In the next section of this chapter, we obtain combinatorial results on 
class-weights of bursts. Theorem 4.1 and Theorem 4.2 determine total 
class-weights of bursts of length b and of bursts of length b or less 
respectively. These results will be used in Theorem 4.3 and Theorem 4.4 
of this chapter and also in subsequent chapters in deriving bounds on 
minimum class-distances of codes under study in the thesis. 
Theorem 4.3 and Theorem 4.4 determine upper bounds on minimum 
class-weights respectively of a bursts of length b and of a burst of length 


b or less and thus provide bounds on the random error correcting 
capabilities of respective codes! 

Further, the weight-enumerator of a code contains a good deal of 
information about the structure of a code, including its minirrmm 
distance, the number of code words of each weight, and the probabilities 
of decoding error and failure. 


We have included in Section 4.2 results on class-weight 
enumerators of all bursts of length b and of length b or less in the space 
of n-tuples, as these may prove helpful similarly. 

The third section of the chapter deals with codes 
detecting/ correcting bursts with class-weight constraints. 

4.2 Class-Weight of Bursts 

In finding out the total class-weights of burst of length b, we will be 
making use of the following. 

Lemma 4.1: In the space of n-tuples over Zq, q prime, the total number 
of bursts of length b > 1, that have w nonzero entries , w < b, is 


(n - b + 1) 


rb-2^ 

^w-2. 


(q-lf 


... (eq 4.i) 


Proof: There are (n-b+1) possible starting positions for a burst of length 
b. For each starting position say i*, we should have nonzero field 
elements in the and (b+i-l)* positions. The remaining {w-2) nonzero 
positions are to be chosen out of (b-2) positions. The proof follows from 
the fact that each nonzero position may be any of the (q-1) nonzero field 
elements and the remaining positions are to be zero. 
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Theorem 4.1: For a given ^-partition, of Zq 

determining the class-metric under consideration in the space of n- 
tuples over Zq, q prime, the total class-weight of all bursts of length b in 
this space, denoted by ;z:^ is given by 

=n.W(^) ... {eq4.2) 

and 

W, ^ = (n - b + l)[b(q - l) + 2](q - l)q‘’~^W(P) for b > 1 ... (eq 4.3) 

where 


m-l , 

SiN- 

i=l 

Proof: Let u be any burst of length b > 1 having w nonzero entries 
(0 < w < b). We form a matrix A, the rows of which are all non-zero scalar 
multiples of u. Each nonzero element of the ground field Zq clearly occurs 
exactly once in each of the w nonzero columns of A. Therefore, the sum 
of the class- weights of (q-1) n- vectors appearing in the matrix A is 

w.W(;z?) ... (eq4.4) 

If b = 1, then w = 1, and hence the sum of the class-weights of (q-1) 
bursts of length one appearing in A is W(?’i). 

However, since there are n possible starting positions for a bursts 
of length one, the sum of class-weights of bursts of length one is 


n.W(;z?) . 
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In general, from lemma 4.1, the total number of bursts of length b, 
having w non-zero entries, is 


(n-b + 1 


^b-2^ 
. w-2 


j(q-ir 


for b > 1 


Let p be a partition of the set of all bursts of length b having w nonzero 
entries, such that each member set of the partition p consists of (q-1) 
mutual non-zero scalar multiple bursts. Then number of sets in p is 
obtained by dividing the expression in (eq 4.1) by (q-1), i.e.. 


P 


= (n-b + 1) 


^b-2 " 

^w-2, 


(q-lf-' 


... (eq 4.5) 


Also, from (eq 4.4), it follo'ws that the sum of the class-weights of bursts 
in each member set of p is w.W(Pi). Therefore, total class-weight of all 
bursts of length b and having w nonzero entries is given by 


(n - b + 1) 


"b-2' 

[w-2j 


(q-ir* w.W(P) 


... (eq4.6) 


Finally, the total class-weight Wb,;z;^ , of bursts of length b (>1) is 
obtained by summing (eq 4.6) over w = 2 to w = b, i.e., 


W, 


h,Pi 


= Z (n-b + l) 

w=2 


rb-2^ 


VW-2y 


= (n-b + l)W(??) I 

j=o\ j ; 


(q-ir-'w.W(?^) 


(q- 1^0 4 2) 


By substituting w = j+2 
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/ \ d rb-2/^b-2'\ ■ 

= (n-b + l)W(q)A £ . (q-l)J+^ 

aq[i=ol J J 
= {n-h + l)W(P^)^lq-lf q'>-\ 

= (n -b + 1) W(??)(q - l)q''-3 [2q+(q - l)(b - 2)] 

= (n-b + l)(q-l)q'’"^ [b(q-l) + 2] W(?^) 

This completes the proof of the Theorem 4.1. 

In the next theorem we determine the sum of class-weights of all 
bursts of length b or less. This is denoted by . 

Theorem 4.2: Given a ^^.partition Pi = {Bo, of Zq, q prime, 

determining the class- metric under consideration in the space of n- 

T 

tuples over ZqJ Wjj ^ , the total class-weight of all n-tuples, which are 
bursts of length b or less is given by 

wT - kn - b + l)q^ + {n - 2b(n - b + l)}q^~^ + (b - iXn - b)q’^~^ |w (Pj ) 

. “ q-1 - 

Proof: From Theorem 4.1, we have 

forb-l 

For b > 1, we have 
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substituting the value of W,.;, and Wj,;:, for j i 2, from Theorem 4.1, we 
get 

=n.W(?i)+ l;(n-j + l)(q-l){j(q-l) + 2)q^“^WCT) 


n + 2 (n + i)(q - 1) Z q'"’ + (q - >) !(q - ‘Xn + 0 - 2} ZJq 


j-3 


j=2 


v 2 v' ^ 


(q-ir IjV 

j=2 


w(;z?) 


... (eq4.8) 


It follows easily that 


b . ^ 1 q 

V rtJ“3 = — + ^ 


b-2 _l 


= q q-> 


... (eq4.9) 


b-2 


2 q"-^ -1 


^ - j-3 _ bq 

Xi ^ 1'' i\2 

j=2 


q-i q(q-i) (q-i) 


... (eq4.10) 


and 


SJ^q 

j=2 


2 nj -3 


iqk”"' -lV bV-'-(b^ + 2b-l)q'’-"+l 

^ /_ 1\2 


q(q-l)^ (q-l) 


(q-l)‘ 


... (eq 4.11) 


Using (eq 4.9). (eq 4.10) and (eq 4.11) in (eq 4.8) we get 



nq"-‘ W(?i) , 

follows from the result of the previous theorem by putting b=n. 

4.2.1 Bounds on Minimum Class-Weight of Bursts: 

Next, we derive bounds on the largest minimum class-weight attainable 
by a burst of length b and a burst of length b or less in the space of n- 
tuples. The technique is essentially similar to that of finding out bound 
on minimum distance by taking average given by Plotkin (1960). 
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Theorem 4.3: Given a ^^-partition Pi = {Bo, Bi, Bm-i} of Zq determining 
the class-metric under consideration in the space of n-tuples over Zq, the 
minimum class-weight of a bursts of length b > 1 in the space of n-tuples 
is at most equal to 


b 
— + - 


.q q(q-i)J 


W{7\) 


(eq4.12) 


Proof: It easily follows that the number of bursts of length b in the space 
of n-tuples with symbols taken from the field of q elements is 


(n - b + l) (q - if.q 


2 b-2 


Also, from Theorem 4.1, their total class-weight, i.e., sum of class- 
weights of bursts of length b is 

(n - b + 1) [b(q - 1) + 2](q - W(?? ) . 

Since minimum never exceeds the average, an upper bound on minimum 
class-weight of a burst of length b is given by 


i.e.. 


(n - b + l)[b(q - 1) + 2lq - l)q^-^ W(q ) 

(n-b + lXq-l)^q’^-^ 


W(P) 

q 


b(q - 1) + 2 

(q - i)q 


W(P) = 


b + 


q-1 


It is interesting to note that this bound is independent of n, the length of 
the words, a property which is true for the classical Plotkin bounds (refer 
Peterson and Weldon, 1972). 



Next theorem provides an upper bound on minimum class weight of a 
burst of length b or less. 

Theorem 4.4; Given a P-partition Pi = {Bo,Bi,....,Bm-i} of Zq determining 
the class-metric under consideration in the space of n-tuples over Zq, the 
minimum class-weight of a burst of length b or less in the space of all n- 
tuples is at most 

W(P) b(n - b + 1) q” + [n - 2b(n - b + 1) Jq”"' + (b - iXn - bXj”'" 
q - 1 [(n -b + l)(q-l) + l]q‘’'' -1 

... (eq4.13) 

Proof: The number of bursts of length b in the space of n-tuples over Zq 
is given by 

n(q-l) forb=l 

and (q-1)^ q^~^(n-b + l) forb>2 

Therefore, the number of bursts of length b or less in the space of 
n-tuples over Zq is given by 

n(q-l) + (q-1)^ Z(n-i + l) q'~^ > 

i=2 

i.e.. q‘-‘ [(n-b + l)(q-l) + l]-l 

Also, from Theorem 4.2, the total class-weight of all bursts of length b or 
less is equal to 

yiS l [b(n - b + 1 ) q^+ {n - 2b(n - b + l)}q^"^ + (b - iXn - h)q^~^ 
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The result then follows from the argument that the minimum cannot 
exceed the average. 


4.2.2 Generating Functioning for W and 


Weight generating functioning for linear codes have been helpful 
in enumerating code words of a given weight. Therefore, it is interesting 

to evaluate generating functions of W^ and . We give these in the 

following two theorems. These may be helpful for a similar study of 
burst-error detecting or correcting codes. 

Theorem 4.5: Given a P-partition Pi = {Bo,Bi,....,Bm-i} of Zq determining 
the class-metric under consideration in the space of n-tuples over Zq, q 
prime and n > b > 1 , W], , the total class-weight of bursts of length b, is 

the coefficient of in 

nW(;z?)x + [n(q + l)qx^ -{n(3q + l)-2}x + 2(n-l)Jx^(q-l)W(Pj)(l-qx) 


ra -1 

where W(^)= X|Bj 
i=i 


... (eq 4.14) 


Proof: If f(x) is the generating function of ^h,P[ > Bien 


f(x) = iw.^x® = W .X + iw._.x' 
itl 1.^1 i=2 


... (eq4.15) 


nW(P)x + S (n - i -b 1) [i(q - 1) + 2](q - l)W(?5)q‘-'x‘ 

1 i = 2 


from (eq 4.2) and (eq 4.3) 
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nW(P)x + (q - 1) W{P) x' t [- (q - l)i’ + {(n + l)(q - 1) - 2}i 

+ 2(n + l)](q.x)'-’ 


nW(Pi)-{q - l)^ W(P,)x^Zi^(q.x)‘-^ 


+ (q-l) W(?i)[(n + l)(q-l)-2]x3 f;i(q.xr 


+ 2(n + l)(q-l)W(?i)x^ S(q.x)‘ 


2 3 4 2qx(q'’"'x"'^ - 1) 

nW(P)x - (q - 1)" W(P)x' ^ ^ ^ 

' qx(qx-l)^ (qx-iy 


n^q""‘x""‘ - (n^ + 2n - l)q""^x""^ + 1) 

(qx - 1)^ 


(q - I)w(P)[(n + l)(q - 1) - ly 


n(qx)' 


(qx^^-l 


qx-1 qx(qx -l) (qx - 1)' 


3 1 (qx)"-^ - 1 

.2(nql)(q-l)W(?=)x’ - + 


summing the series as in Theorem 4.2. 
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After simplification, we get 


f{x) = nW(?^)x + (q - l)W{?j)x^ [n(q + l)qx^ - {n(3q + 1) - 2}x 

+ 2(n - 1)](1 - qx)-’ - (q - l)W(!5)q"-' x"*^ [{n(q - 1) + 2)qx 
-{(n(q - 1) + 2q}](l - qx)-’ 

... (eq 4.16) 


The last term in expression (eq 4.16) contains terms involving and of 
higher orders. Since the length of a burst cannot exceed n, therefore, this 
term may be dropped altogether. Then we obtain the generating function 
of Wjjjcj as stated in (eq 4.14). 


Next, we obtain generating function for 


Theorem 4.6: Given a P-partition Pi = of Zq determining 

the class-metric in the space of n-tuples over Zq, q prime, and n > b > 1; 

, the sum of class-weights of bursts having lengths less than or 
equal to b, is the coefficient of x^ in 


W(;Z5) X [nqx^ - {(n + 2) (q - 1) + 2n}x + nj(l - qx)“^ ... (eq 4.17) 

T 

Proof: The expression having ^ as the coefficient of x^^ in 

general can be written as 




Z i(n-i + l)q^ +{n-2i(n-i + l)}q^ ^ +(i-lXn-i)q- ^]x^ 

(q-1) i=l 


(using Theorem 4.2) 


128 


W(P) „ 

^ I y 

(q-l) i 


X [- (q^ - 2q + l) + i {(n + l)q- - 2(11 + l)q + (n + l)} + n{q - l)]q‘‘'x' 


-W(;z^)(q-l)x2 Xi2q'-2xi-2+(n + l)(q-i)W(??)x2 

i = l i=:1 


+ n W(P)x' Xq"' 


1 4 2q^x^(q"-^x"-^ - 1) 


-W(P)(q-l)x" + r + — ^ 

' [qx (qx-1)^ (qx-1)' 

nVx" -(n^ +2n-l)q"-'x"-' + qx 
(qx - 1)' 


n-“l n-1 

2 1 nq X 


+ (n + iXq - \WiPy — + 7- 

' qx qx - 1 


2 1 , q" - qx 


n-1 n-1 

q X - qx 


qx - 1 (qx - 1)^ 


+ n W(??)x" — + 1 + 


qx - 1 


W(??)q""* x"^‘[- nq\^ + {(n + 2) (q - 1) +2n}qx - nj(l - qx)’ 
+ W(P)x [nqx^ - {(n + 2) (q - 1) + 2n}x + n](l - qx)~^ 


(after simplification) 


Now, the first term on the right hand side of the Preceding expression 
contains terms involving x«+i and of higher orders and therefore can be 
dropped altogether as in Theorem 4.5. 
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Thus, the generating function of is as stated in (eq 4.17). 

Remarks: Particular cases of all the results derived in Section 4.2, may 
be obtained for Hamming metric by taking Pi = Pn = where 

Bi = {1,2,.. and hence 

W(?^) = W(?^) = (q-l) 

Thus, the results on weights of bursts and weight-enumerators given in 
Dass ( 1974 ), may be derived as particular cases of the corresponding 

results of this section. 

Again, if we take 
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4.3 Bounds for Codes detecting /Correcting Bursts that have a 
Given Class-Weight or Less. 

We have pointed out in Section 4.1 that when a channel under 
consideration introduces bursts in messages, then either due to intensity 
of impulse noise or otherwise, the number of digits within a bursts and 
hence the class-weight of a burst may not exceed a given number. The 
usual burst-correcting codes which do not take into considerauon the 
intensity limitation, if employed, wiU have more parity-check digits than 
are required, effecting adversely the efficiency of the transmission. Thus 
a study of bursts detecting/ correcting codes is required keepmg in view 
that detection/correction of all bursts of a specified length or less, is not 
required. Such a study can be made by imposing a suitable class-weight 
constraint over detectable or correctable bursts. The development of such 
codes would result in the saving of parity-check di^ts and reducing 
thereby the redundancy of a code suitable for a specific purpose. 


We begin with the problem of detecting errors, which are in the form 
of bursts of lengths b or less and of class-weight w or less. The study is 
then extended to the correction of such errors. We derive lower an 
upper bounds on the necessary and sufficient number of check digits 
required for such codes. Reiger (1960), Fire (1959) and others have found 
similar bounds for bursts-error (without weight constraints) detection 
and correction. Some of these results are shown to be particular cases o 

the results derived in this section. 


We first consider codes having no bursts of length b or less that is of 
class-weight w or less (w . (m-l)b) as a code word. 

a burst of length b or less as a code word but class-weight ^ ^ 
must then be greater than w. Similarly, it may have code words of 
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weight less than or equal to w, which are then the bursts of length 
greater than b. 

Theorem 4.7: Given a ??-partition Pi = of Zq, q prime, 

determining the class-metric under consideration in the space of n- 
tuples over Zq, an (n, k) linear code that has no non-zero burst of length 
b or less that is of class-weight w or less (w < (m-l)b) as a code word, 
must satisfy 

(n-k)>logq - (eq4.18) 

where is as given by (3.19) and b < n. 

Proof: The proof given here is a modification of the one given in 
Theorem 4.6 (Peterson, 1961). 

Since a burst of length b or less that has class-weight w or less is not a 
code word, therefore no two n- vectors of class-weight [w / 2 J or less with 

zeros in positions from (b+1)* to n* can be in the same coset, because 
otherwise there difference which must be a burst of length b or less that 
is a burst of class- weight w or less will be a code word. 

The number of vectors of class-weight Lw/2j or less with zeros in 
positions numbering (b+1) to n is equal to the number of b-tuples over Zq 

with class-weight [_w/2j or less, i.e. ■ 

Since there must be at least this number of cosets and the total 
number of cosets is exactly we have 



Here we have considered those bursts which have last nonzero entry 
before (b+l)th position in the vector, and in case b < n, there are n- 
vectors which are bursts of length b or less and have their last nonzero 
entry in either (b+l)th position or after {h+1)'^ position, therefore strict 
inequality should be taken in expression (eq 4.19) i.e., the following 
should hold. 



Taking logarithm or both sides we get the required result. 

Corollary 4.1: By substituting m = 2 and Pi = Ph = {Bo, Bi}, 
Bi={l, ..., q-1} in Theorem 4.7 we get the corresponding result for 
Hamming metric which is similar to Theorem 4.1 of Dass (1974). 

Again, if we take m-1 = (q-l)/2 and Pi = Pl = {Bo,Bi,...,B(q-i)/2} for q odd- 
prime, where Bi = {i, q-i} in Theorem 4.7, we get the corresponding result 
for Lee metric in the form of the following. 

Corollary 4.2: An (n, k) linear code over, Zq, q an odd prime, that has no 
non-zero burst of length b or less that is of Lee-weight w or less ( 

w ) as a code word, must satisfy 


(n-k)>log,V^«,j^,^, 

where 

denotes the b-dimensional sphere of Lee-radius t. The value of 

can be obtained from (eq 3. 19)> 

;v 
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Next, we obtain an upper bound on the number of parity-check 
symbols for codes considered in Theorem 4.7. This bound assures the 
existence of a Linear code that can detect all error patterns which are 
bursts of length b or less and have class- weight w or less. The proof will 
be essentially on the lines of one given by Sacks (1958) for Varshamov- 
Gilbert bound for random error-correcting codes. 

Theorem 4.8: Given a P-partition P\ = of Zq, q prime, 

determining the class-metric under consideration in the space of n- 
tuples over Zq and two positive integers w and b such that w < (m-l)b; a 
sufficient condition that there exists an (n, k) linear code that has no 
nonzero burst of length b or less that has class-weight w or less as a 
code word is: 

Y(b-i) ^ n-k ... (eq4.21) 

W-l,iP ^ V -1 / 

Proof: To show that existence of such a code, we examine the existence 
of a suitable (n-k)xn parity-check matrix H for the desired code. 

Choose a nonzero (n-k)-tuple as the first column of the parity-check 
matrix H (c.f. Peterson and Weldon (1972), Theorem 4.7). Subsequent 
columns are added such that after having selected O’l) columns 
hi,h 2 ,...,hj-i, a column hj is added provided that it is not a linear 
combination of class-weight (w-1) or less of the columns from amongst 
immediately preceding (b-1) columns. This restriction ensures that no 
burst of length b or less which is of class-weight w or less can be a code 
word. 

In other words, a column hj is to be added provided that it is not a 
linear combination of class-weight (w-l) or less of the column from 
amongst hj-b+i : hj-b+ 2 ,....,hj-i. 
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In the worst case, all the linear combinations of class-weight (w-1) or 
less of column from amongst the previous (b-1) columns may be distinct. 

There are at most -1 distinct such linear combination. 

If this is less than the total number of nonzero (n-k) -tuples then 
there is certainly one more column that can be added to the matrix. That 
is, if 

column can be added to the matrix. 

But for an (n, k) linear code to exist, relation (eq 4.22) should hold 
for j=n, so that it is always possible to add n^^ column to the matrix. 

As expression {eq 4.22) is independent of j, therefore we can add 
columns as long as we wish for given b, w and k. 

But to construct a code of specified length n, we shall stop after, 
adding n column appropriately. 

Therefore, an (n, k) linear code that has no nonzero burst of length b 
or less that has class-weight w or less as a code word exists satisf 3 ang (eq 
4.21). 

Remarks: If we set b = n, we see that the bound obtained in (eq 4.21) 
immediately reduces to Varshamov-Gilbert-Sacks bound for a code 
having minimum class - weight at least (w+l). 

In the particular case of Hamming metric, the Theorem 4.8 reduces 
to Theorem 4.2 of Dass (1974), an equivalent version of which is stated 
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as Corollary 4.3 given below. For this we substitute m=2 and 
'Pi = 'Ph = Bi = in Theorem 4.8 and get the following. 


Corollary 4.3: Given two positive integers w and b such that w < b, a 
sufficient condition that there exists an (n, k) linear code that has no 
non-zero burst of length b or less that is of (Hamming) weight w or less is 


V(b-l) 


.n-k 


where value of is given from (eq 3.22). 


Further by taking m-1 = (q-l)/2 and 

A. = {Bo,Bi,...,B(q-i)/2} Bi = {i,q-i}, i=l,2,...,(q-l)/2 

in Theorem 4.8, the result of Theorem 4.8 can be stated as the 

Corollary 4.4. 

Corollary 4.4: Given two positive integers w and b s.t. w < , 

q-odd prime, a sufficient condition that there exists an (n, k) linear code 
that has no burst of length b or less that is of Lee-weight w or less is 


<q“-\ 


where value of is given by (eq 3.25). 

liWr 
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Corollary 4.5: The result obtained above in Theorem 4.8, holds for 
w < (m-l)b . If we take w = (m-l)b, i.e., if w coincides with the maximum 
possible attainable class-weight in a burst of length b, the weight 
criterion imposed over the burst becomes redundant and the bound 
takes the from 


qii-k 


ylb-l) 




= q 


b-1 


which on taking logarithm of both sides gives 
n-k > b-1 

n— k>b. 

This leads to the existence of an (n, k) linear code that has no 
burst of length b or less as a code word with just b parity-checks. This 
coincides with the result of Theorem 4.7 of Peterson (1961) wherein it 
has been shown that b parity-checks are sufficient to detect any burst of 
length b or less. 

In determining the bound of Theorem 4.8, we have tried to 
formulate the result for fixed value of n, k, w and b. It may be desired to 
obtain the maximum value of b for a fixed number of parity-checks and 
fixed values of w and n. If this is taken up as the basis of formulation of 
the problem, then we may alternatively state the result in the following 
form. 

Theorem 4.9: Given a ^’-partition Pi = {Bo,Bi,....,Bm-i} of Zq determining 
the class-metric under consideration in the space of n-tuples over Zq, q 



prime, and two positive integers w and bi such that w < (m-l)bi, it is 
always possible to construct an (n, k) linear code that has no nonzero 
burst of length bi or less which is of class-weight w or less as a code 
word for which the inequality. 


> q 
w-l, ^ - ^ 


n-k 


... (eq4.23) 


holds, where bi is the smallest positive integer satisfying this inequality. 

Proof: In the proof of Theorem 4.8, let bi be the largest value of b for 
which inequality (eq 4.21) holds. 

Then for b = bi + 1 the inequality (eq 4.21) gets reversed and we get 
inequality (eq 4.23). 

Remarks: Particular cases of the above theorem for Hamming and Lee 
metrics can be obtained in the similar way as the particular cases of 
Theorem 4.7 and Theorem 4.8 have been obtained earlier. 


Next, we derive bounds for linear codes capable of correcting all 
bursts of length b or less that are of class-weight w or less. 

In the next theorem we obtain a lower bound on the necessary 
number of check digits for the existence of such a code. This generalizes 
results due to Fire (1959) and Sharma and Dass (1974). 

First, we give a Lemma, which will be used in obtaining the 
required bounds. 

Lemma 4.2: Given a ;s>-partition Pi = {Bo, Bi, ..., Nm-i} of Zq determining 
the class-metric under consideration in the space of n- tuples over Zq, q 


138 


prime, the total number of bursts of length b (>1) that are of class-weight 
w or less 2 < w < {m-l)b, in the space of all n-tupl 


(n-b + l)X |Bi| 

U 


B; 


w(b-2) 


for b > 2 


... (eq4.24) 


where summation runs over i and j taking values from 1 to 
min {m-1, w-1} and | Bi 1 denotes number of elements in class Bi of Pi, 

Proof: Any burst of length b has (n-b+1) starting positions in an n- tuple 
space. Further for each starting position say s* we should have s*^ and 
(s-b-1)^ position as nonzero. If nonzero entries of class-weight say i and j 
occupy s* and (s+b-l)** positions respectively, then 

1 < i < min {m-1, w-1} and 1 < j < min (m-l, w-1} 

and the number of such choices in s* and (s+b-1)* positions is 

IBil IBjl ...{eq4.25) 

Also, then the sum of class-weights of entries in positions numbering 
(s+l),...,(s+b-2) should not exceed w-i-j. Hence the number of choices for 
entries in (s+l)tb .... (s+b-2)* positions is 

...(eq4.26) 

Summing the product of expressions in (eq 4.25) and (eq 4.26) over i and 
j and multiplying the resultant number with (n-b+1) we get the required 
number. 

Remarks: In the particular case of Hamming metric 
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, Bj = and 

BjI = q-1 and i = j = l. 

Therefore, by substituting these values in (eq 4.24), the number of bursts 
of length b that are of weight w or less is given by 

(n-b + lXq-l)^ ... (eq4.27) 

Also, in the case of Lee-metric, for q odd prime, 

= Pl = {Bo,Bi,....,B(q-i)/2} with Bi = {i, q-i}. 

So that i Bi 1 = i Bj i = 2 for all i and j. 

Therefore, the number of bursts of length b that have Lee-weight w or 
less is given by 



4(n-b + l) S Z ... {eq4.28) 

i=l j=l 

where is given by (eq 3.25). 

Theorem 4.10: Given a P-partition Pi = {Bo,Bi,...,Bm-i} of Zq, q prime, 
determining the class-metric under consideration in the space of n- 
tuples over Zq, the number of parity-check symbols in an (n, k) linear 
code that corrects all bursts of length b or less that are of class-weight w 
or less 2 < w < (m-l)b, is at least 
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log. 


1 + n 


min{w,in-l} 

I 

i=l 


B, 


b min{w-l,m-l} inin{w-l,m-l} 

+ I{n-s + l) X Z 

s=2 i=l j=l 


B, 

B. 


1 

j 



.. (eq 4.29) 


where lBi| denotes the number of elements in the class Bi of P\ and 
is given by {eq 3.19) and (eq 3.20). 

Proof: Since the code is capable of correcting all bursts of length b or 
less that are of class-weight w or less, therefore all such error patterns 
should be in different cosets. 


The number of bursts of length one that are of class-weight w or 
less in the space of n-tuple is given by 


n IlBil 

i=l 


Also, using Lemma 4.2, the number of bursts of length b or less (b > 2) 
that are of class-weight w or less is given by 


Z(n-s + l) I 

s=2 i=l 


min minlw-ljm-l} 


S 

j=i 


B: 


Bj 


V 


(s-2) 


Thus, the total number of error-patterns, i.e., bursts of length b or less 
that are of class-weight w or less is 


imn{w,m-l} 

1 + n X 
i=l 


B. 
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... (eq4.30) 


+ |:(n-s + l) I 

s=2 1 ^i,j ^ min{w-l,m-l} 


B 

B 

i 

j 


y{S-2) 


including the all zero n-tuple. 

For the possibility of the code being able to correct these numbers of 
error - patterns, there should be at least so many cosets, whose total 
number in an (n, k) linear code is q^-k. 

In other words, we must have 


> expression in (eq 4.30) 

The theorem now follows by taking logarithm of both the sides. 
In the particular case of Hamming metric, we have. 


Corollary 4.6: Given two positive integers w and b such that 2 < w < b, 
the number of parity-check symbols in an (n, k) linear code over Zq, q 
prime, that corrects all bursts of length b or less that are of weight 
(Hamming) w or less, is at least 


... (eq4.31) 

Proof: Hamming metric is obtained by the particular P-partition 
Ph = {Bo, Bi}, Bi = q-1} of Zq. As in this case 

m-l=l and w > 2 (given) 


log. 


1 + n(q - 1) + (q - 1)^ 


b 

I 

s=2 


(n - s + 1) V 


(s-2) 

w-2,P. 


H 
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Therefore, 



min{w,m-l} = min{w-l,m-l}=l 


Also 


IlBi 

i=l 


I 

j=l 


B 


= q-i 


Substituting these values in (eq 4.29), we get (eq 4.31). Hence the 
corollary follows. 


Also, in the case of Lee metric, we have 


Corollary 4.7: Given two positive integers w and b such that 
(q - 1) 

2 < w < — number of parity-check symbols in an (n, k) linear 

code over Zq, q odd prime, that corrects all bursts of length b or less that 
are of Lee-weight w or less, is at least 


log 


l + 2n.min w,-i:^ +42(n-s + l) Y. > 

[ 2 J s = 2 i = 2 


... (eq 4. 


Proof: Lee metric is obtained by the ^’-partition 


= {Bo, Bl,...,B(q-l)/2} 
where Bi = (i, q-i} for i = l,...,(q-l)/2. 

Therefore, in this case m-1 = (q-l)/2 and IBi] =2 for all i. 

Substituting these values in (eq 4.29) we get (eq 4.32) and hence 
Corollary 4.7 follows. 



Corollary 4.8: The result in Theorem 4.10 holds for w < (m-l)b. If we 
take w = (m-l)b, then the weight constraint over burst stands dropped, 
because no burst of length b or less can have class-weight more than 
(m-l)b. 

Also min {(m - l)b, (m - 1)} = m - 1 

and as s < b, i < m-1, j < m-1, (s, i and j occurring in eq 4.32) 

We have b(m-l) - i - j > (s-2) (m-1) 


Therefore, 


-y (s—2) 
w-i-j,?’ 


■y(S“2) _ y(s~2) 


(follows from eq 3.21) 


= qs-2 


(follows from eq 3.21) 


substituting these values in expression (eq 4.30) we get 


l + nZ lBil+ ZCn-s + Dq*-^ E I |Bi| 

i=l s=2 i=l j=l 


Bj 


m — 1 1 m — I tn "" 1 

But IB. =q-l and I I 

i=i 1 > i=i j=i 


B 


B 


E 

i=l 


B 


f m-1 

s 

VJ=' 


B 


{q-l)2 


Therefore expression in (eq 4.30) is equal to 


1 + n(q - 1) + (q - 1)^ l(n - s + l)q 

.5 = 2 : 


s-2 
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... (eq4.33) 


Using the two identities 


Ex' 

i*0 


1-x 


n + i 


1-X 


and 

i=o dx 


1-x 


Substituting these values in (eq 4.33) we get expression in (eq 4.30) is 

equal to 

[(q - iXn - b + 1)+ 1] (c.f. Peterson and Weldon, 1972) 

and the bound obtained in expression (eq 4.29) reduces to 

n-l>(b-l) + logq[(q-lXn-b + l)+l] 

This coincides with the result of Theorem 4.16, Peterson and 
Weldon (1972), which for the binary case was proved by Fire (1959). 

Next, for b = n, the bound in (eq 4.29) gives a necessary condition 
for a linear code that corrects all random errors of class-weight w or less 
(c.f. sphere- packing-type bound). 

An alternative expression for the number of bursts of length b that 
are of class-weight may be obtained by different combinatorial 
considerations of such bursts. This we take up in Lemma 4.2’. 

Lemma 4.2’: Given a P-partition Pi = of Zq that 

determines the class-metric under consideration in the space of n- tuples 
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over Zq, q prime, the number of bursts of length b > 1, that are of class- 
weight w or less is given by 


i(n-b-f 1) 
j=i 




+ A. 


(b-2)l 

j 


... (eq 4.34) 


where value of is given by (3 . 1 8) and (3.20) . 

Proof: Any burst of length b has (n-b+1) starting positions in an n-tuple 

space. For each starting position say. i-. A™ gives the number of those 

b-tuples. extending from i«- to (i+b-lj-^ positions, which are of class 
weight j. But for a burst of length b starting from i“> position, we should 
have i<» and (i+b-1)* positions as nonzero. Therefore, the number of 
bursts of length b that are of class-weight j and starting from i- position 


a('’> -aA*."-” ...(eq4.35) 

Summing the expression in (eq 4.35) over j varying from 1 to w. the 
number of bursts of length b that are of class-weight w or less 


IS 


E(n-b + l)|A'."i_ 

In view of the Lemma 4.2', Theorem 4. 10 may be alternatively stated as 


2A“-" + A“:” 

j.P, 
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Theorem 4.10': Given a P-partition Pi = {Bo, Bi, Bm-i} of Zq 
determining the class-metric under consideration in the space of n- 
tuples over Zq, q prime, the number of parity-check symbol in an (n, k) 
linear code that corrects all bursts of length b or less that are of class 
weight w or less, 1 < w < (m-l)b is at least 


logc 


b 

l + I 

i=l 


w 


Z (n-i + l) 


hPi 






... (eq4.36) 


The proof of the theorem follows from Theorem 4. 10 and Lemma 4.2'. 


We now obtain an upper bound on the sufficient number of parity- 
checks for codes considered in Theorem 4.10. This bound ensures the 
existence of a linear code that can correct all bursts of length b or less 
that are of class-weight w or less. 


Theorem 4.11: Given a P-partition Pi = {Bo,Bi,....,Bni-i} of Zq that 
determines the class-metric under consideration in the space of n-tuples 
over Zq, q prime, and two positive integers w and b such that 2b < n and 
w < {m-l)b, a sufficient condition that there exists an (n, k) linear code 
that corrects all bursts of length b or less that are of class-weight w or 
less, is given by the inequality 


n-k 

q > 


V 


(b-l) 

w-l,?’ 


b 

1 + 2 

i=l 


I 

j=l 


(n - b - i + 1) 



- 2A 


(i-i) 


+ A 


(i-2) 


+ V 


(b-l) 


b-l m-1 

+ Z I I 

k=i H 


B. 


^(b-k-l) ^ ^(b-k-l) ... (eq4.37) 
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where 


0<r l<r <2w-/-l, 0<r <w-l 


r +r >w, r +r +r <2w-/-l 

2 / h h h 


and 


t,?’, t,p, 


and 




are given by (eq 3.19), (eq 3.18) 


and (eq 3.26). 

Proof: We establish the result by examining the existence of an 
appropriate rxn parity-check matrix H for the desired code with r parity - 
checks symbols. 


For the code to be able to correct all bursts of length b or less that are of 
class-weight w or less, no code word in it should be the sum of two 
bursts of length b or less that are of class-weight w or less. Hence the 
sum of two linear combinations, each of class-weight w or less of the 
columns of H from amongst b consecutive columns of H should be non- 
null. Select a nonzero r-tuple as the first column of the parity-check 
matrix H, (c.f. Peterson and Weldon, 1972, Theorem 4.7). 


Subsequent columns are added to H such that after having selected (j-1) 
columns hi,h 2 ,....,hj-i, a column hj is added provided that it is not a sum 
of a linear combination of class-weight (w-1) or less of columns from 
amongst the immediately preceding (b-1) columns, with a linear 
combination of class-weight w or less of the columns from amongst any b 
consecutive columns. 

In other words, a column hj can be added provided that 
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h (a, h. +... + a, h. ) + (b h +... + b h ) 
^ 'l ’l 't 't §1 % Ss 


... (eq4.38) 


where 4-... + ah is a linear combination of class-weisht w-1 or 

'i 'i 't ’t *= 

less of columns from amongst the columns hj_b+i,hj_b+ 2 v,hj_iand 

^ linear combination of class-weight w or less of 

Sf S| Sg Sg 

the columns from amongst any b consecutive columns out of 
^ 1 . This condition ensures that the syndromes of any two error 

patterns which are bursts of length b or less that are of class-weight w or 
less are always different. 

The number of linear combinations of class-weight w or less of the 
columns from amongst any b consecutive columns out of hi, ha, ..., hj-i 
can be obtained directly but some of the situations would repeat, we 
break up the analysis of these combinations into three different cases; 

Case-I: When hg's are taken from the first (j-b) columns, the number of 
ways in which the coefficient ai can be selected is 

vtt’p ...(eq4.39) 

1 

The coefficients bg's which form a 


bg's 

ai's 

j ^ — j-b 

t ; 




bursts of length b or less with class-weight w or less in a vector of length 
(j-b), can be selected (refer Theorem 4.10'), in 
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... (eq 4.40) 



+ A 


(i-2)l 

i,Pl ) 


ways. 


Therefore, the total number of choice of coefficients in this case is 


V(b-l) 


b w f /*x 

l + Z I (j-b-i + l){AW -2A^/ 

i=l j=i ^ 


1) , A(i-2) 


{eq4.41) 


Case-II: When hg's are taken from the immediately preceding 

ai's , bg's 

— ■ b-1 -> 


a-b)^ 


J 


ith 


b-1 columns hj-b+i, hj-b+ 2 , hj-i. 

In this case, we have to select the coefficients ai's and bg's, with sum of 
their class- weights not exceeding 2w-l, from amongst (b-1) components 
viz. (j-b+1), ... , O'l)- Since coefficients having sum of their class- weights 
not exceeding w-1 have already been accounted in expression (eq 4.39), 
the additional number of ways to choose ai's and bg's is 


V, 


(b-1) 


- V. 


(b-1) 


^ w-1, PI 


Y(b-l) 

2 w-1, w-1,?) 


... {eq4.42) 


Case-Ill: When hg's are selected from hj. 2 b+ 2 , hj-2b+3, hj-i such that all 
are neither taken from hj-2b+2,hj-2b+3,...,hj-b nor from hj-b+i,hj-b+ 2 ,...,hj-i. 

< bg's — > 

j-b j-b+p j-1 j 
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In this case, let us assume that bursts starts from (j-2b+k+l)th 
component, which may obviously continue upto (j-b+k)th components. Let 
the nonzero coefficient in (j-2b+k+l)th component be of class-weight 
I with 1 < Z < m-1. Therefore, the number of choice in (j-2b+k+l)>J» 
component is 


|B,| ... (eq4.43) 

Thus, we are to select nonzero entries bg's with sum of their class- 
weights not exceeding (w-Z) in components from 0-2b+k+2)* to (j-b+k)th 
with the condition that the sum of class-weights of entries in components 
from (j-2b+k+2)* to (j-b)*^ does not exceed (w-Z-1), which is essential in 
view of the condition stated in the beginning of case III, that not all hg's 
are to be selected from hj- 2 b+ 2 ,....,hj-b. 

Also corresponding to the condition on hi's, we are to select 
nonzero entries ai's with sum of their class-weights not exceeding w-1 in 
components from (j-b+1)* to (j-1)^. 

In order to do so, let us choose a set of nonzero entries, with sum 

of their class-weights equal to r in (j-2b+k+2)* to (j-b)*^ components; a 

’/ 

set of nonzero entries with sum of their class-weights equal to r in 

(j_b + l)th to (j-b+k)* components and a set of nonzero entries with sum 
of their class-weight equal to r 3 j in (j-b+k+l)tii to components, 

where 

0<r <w-/-l <2w-/-l 

y «/ ■ h 

and 0 < r < w - l, 1< / < min{m -- 1, w -- l} ... (eq 4^^ 
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Keeping in view the situation considered in Case-I and II, 
should further satisfy 



r +r >w andr +r +r <2w-/-l 


... (eq4.45) 


Such a selection of coefficient including that for (j-2b+k+l) given us 


b“l m-1 



r ,r ,r 
U U 


B 


(bVlc-l)^(k) ^(b-k-1) 




... (eq4.46) 


possible linear combinations, where r , r and r satisfy (eq 4.44) and 

/ h 

(eq 4.45) and is given by (eq 3.18) and (eq 3.20). Thus, from 

(eq 4.41), (eq 4.42) and (eq 4.46), the total number of choices of 
coefficients is 


V 


(b-i) 

w-l,?? 


b w 


l+I S (j-b-i+1) A® -2Af,'>+A<^> 

1=1 j=l I -’’1 •’’M •’’'I , 


+v. 


(b-1) 


b-1 m-l 

+ 1 I I 

k=l /=! r r r 

'/ h h 


B, 


*(b-k-i).(k) *(b-k-i) 

■‘kX IX. 

\ ' 'h' ' 'h' ' 


... (eq4.47) 


where r ,r ,r satisfy (eq 4.44) and (eq 4.45) 

'/ h 

The column can be added if all the q^ r- tuples have not been 
exhausted by the conditional combinations. 
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In the worst case, all these might be distinct and therefore column can 
always be added if 


qr > (total number of combinations in eq 4.47) ... (eq 4.48) 


But for an (n, k) linear code of given length n and having the desired 
error-correcting capability, to exist, relations (eq 4.48) should hold for j=n 
and r=n-k, so that it is possible to add upto n^^ column to form an 
(n-k) X n matrix. 

Corollary 4.9: If in the hypothesis of the above theorem we take 
w = (m-l)b, then the class-weight constraint consideration becomes 
superfluous, as no burst of length b or less can have class-weight more 
than {m-l)b. Therefore it is interesting, to examine what form the 
inequality (eq 4.37) takes. 

For w = {m-l)b, we have 


(b-l) _ 


from (eq 3.21) as (m-l)(b-l) < (m-l)b-l, (m>2) 


= number of all (b-l)-tuples = q^'^ 


... (eq 4.49) 


and 


b <ni-l)b 

E Z 

i=i j=i 


(n-b-i + l) 


(i) 

I 




i.p, 


= the number of bursts of lengths b or less having class-weight 
(m-l)b or less (excluding all-zero vectors) in the spaces of 
(n-b)-tuples (c.f. from Lemma 4.2') 
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the number of bursts of length b or less in the space of 
(n-b) -tuples 

= qb-i[(n-2b+l)(q-l)+l]-l ... (eq 4.50) 

(from the proof of Theorem 4.4) 


Further 


,(b-i) 


r(b-l) 


r(b-l) 


r(b-l) 


V' ' -V^” =0 

2(m-l)b-l,?5^ (m-l)b-l,Pj (m-l)(b-l),?’ (m-l)(b-l),pj 


(from eq 3.21) 


... (eq 4.51) 


Also, 


b-l m-1 

Z S I 

k=l /=1 r ,r ,r 
>/ 2 / 3 / 


B, 


^(b = 0 ... (eq 4.52) 


1 2 ; 1 


h 1 


follows from the fact that there does not exist any pair r 2 ,r 3 for which the 
requirement that r +r >w(=(m-l)b) from last b-l positions, on the 

summation is the fulfilled, as the maximum class-weight of entries in 
(b-l) positions does not exceed (m-l)(b-l). 

Substituting (eq 4.49), (eq 4.50), (eq 4.51) and (eq 4.52) in (eq 4.37) we 
get 

qn-k >q2(b-i)[(n-2b + l)(q-l)-H] ... (eq 4.53) 
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Inequality (eq 4.53) is also a sufficient condition for the existence of an 
(n, k) linear code correcting all bursts of length b or less, given by 
Campopiano (c.f. Theorem 4.17, Peterson and Weldon, 1972). 


In determining the bound (eq 4.37) in Theorem 4.11, we have tried 
to formulate the result for fixed values of n, k, w and b. It is always 
appropriate to maximize the length n of the code keeping its error - 
correcting capability and number of parity - check symbols intact. If this 
is taken as the basis of formulation of the problem, then we may 
alternatively state the result of Theorem 4.1 1 in the following form: 


Theorem 4.12: Given a P-partition Pi = {Bo, Bi, ..., Bm-i} of Zq that 
determines the class-metric under consideration in the space of n-tuples 
over Zq, q prime and two positive integers w and b such that 2b< n and w 
< (m-l)b, it is always possible to construct an (n, k) linear code that 
corrects all bursts of length b or less that are of class-weight w or less is 
given by 


n-k < y(b-l) 


w 


l + I S (n-b 

i=i j=i 


-i + 2) {a.;* 


) 

a 








+ V, 


(b-i) 

2w-l,w-l,?l 


b-1 m-1 

+ E I Z 

k=l l=\ r r ,r 

1/, h h 


B, 


A(b-k-l)A(k) '... {eq4.54) 


r ,P, r ,P, 

2/ h 


where 


0<r <w-/-l, l<r^ <2w-/-l, 0<r <w-l 


r + r > w; r + r ■+ r S, 2w — / — 1 


2/ h 


’/ -/ h 
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and 1 < / < min{m - 1, w - l} 


are given by (eq 3.19), (eq 3.18) and (eq 3.26) 

respectively. 

Proof: In the proof of Theorem 4.11, let n be the largest value of j for 
which inequality (eq 4.48) holds. Then for j = n+1 the inequality (eq 4.48) 
gets reversed. Therefore, there exists an (n, k) linear code with the 
desired error-correcting capabilities, which satisfies the inequality 
(eq 4.54). 


The particular case of the result in the Theorem 4.12 for Hamming 
metric is taken up in the next corollary. 


Corollary 4.10: Given positive integers w and b such that 2w < 2b < n, 
there exists an (n, k) linear code over Zq, q prime that corrects all bursts 
of length b or less with (Hamming) weight w or less satisfying the 
inequality. 


t=oV t ) 


(q - 1 )‘ [(q - iXn - b - w + 2 )+ 1 ] 


w-2 


/,• 


+ (q-ir I (n-b-i + 2) I 

i=w+l t=0 


- 2 ^ 


(q-iy 


V ^ J 


2w-l 

+ s 

t=w 


fh-l) 


b-l 


(q-l)' + I Z 


V ^ ; 


k=l r ,r ,r 
1 2 3 


"b-k + 1^ 



r 

r 

r 

1 J 

ij 

3 J 


(q-l)’ 


rj+rj+tj+l 


... (eq 4.55) 


where 
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0 < r, < w - 2, 1 < r, < 2w - 2, 0 < ij < w - 1 


r.+r, > w 


r, +r 2 +r 3 <2w-2 


Proof: From (eq 3.22) and (eq 3.23) we have 


A® 

S,P^^ Is) 


... (eq 4.56) 


v!l = t r (q-iy 


t 


... (eq4.57) 


Further, making use of the fact that a burst of length one can have 
Hamming weight only one, a burst of length two can have Hamming 
weight only two and a burst of length 3 or more has Hamming weight 
greater than or equal to 2, we have 


l + i S (n-b-i + 2 ) +a 5 


1=1 j=i 


(c.f. expression in (eq 4.54). 


= l + (n-b + l) A% 


i=3 j=2 


1 + (n - b + 1) (q - 1) + (” " *>) (“I 

frn fi-O fi-2 




(q - 1)^ 


(because = (q l) ) 
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H-(n-b + l)(q-l) + (n-b)(q-iy 


+ (q-l)^ E(n-b-i + 2) X . (q-lp 

i=3 j=2VJ 


b w(^i_2\ .i_2 

+ X (n-b-i + 2) X . ^ (q-iy 

i=w+l j=2vJ J 


0 ^ i 

l + (n-b + l)(q-l) + (n-b)(q-l)^+(q-irX(n-b-i + 2)q- 


b wri~2V xi-2 

+ X (n-b-i + 2) X . (q-iy 

i=w+l j=2VJ 


— 2^/ .\i-2 ~ ^ 

(for3<i<w, X . (q-i) i_2r ^ ^ 


hU-2. 


=iU-2 


w-if i-2 


[(,_lXn-b-w + 2).l]+(q->r2/-'’--2)2( , J(q-1) 


... (eq 4.58) 


B 1 = B I = (q - l) 

i u 


.. (eq 4.59) 


Using (eq 4.56), (eq 4.58) and (eq 4.59) in (eq 4.54) we get the inequality 
(eq 4.55). 
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Chapter V 


CONSTRAINTS OVER BURST ERROR-CORRECTING CODES 


5. 1 Introduction 


5.2 Codes Detecting/ Correcting Random and Burst Errors 



CHAPTER V 


CONSTRAINTS OVER BURST ERROR-CORRECTING CODES 
5. 1 Introduction 

We have described in Chapter III the correction of random errors with 
reference to the newly introduced metric viz. class-metric. Chapter IV 
was devoted to the problems relating to codes detecting/ correcting low- 
class-weight burst errors. In other words, the codes studied so far are 
capable of detecting/ correcting specifically either, random errors or 
special type of bursts e.g., low-class-weight bursts having lengths not 
exceeding a pre-assigned number. 

Actually, it is the unsuitability of random error-correcting codes for many 
practical situations that led to studies of burst-error correcting codes (c.f. 
Abramson (1959), Forney (1971), Farrell and Hopkins (1982), 
Daniel (1985), Blaum, Farrell and Tilborg (1986, 1988), Abdel-Ghaffar, 
McElice and Tilborg (1988), Blaum (1990), Zhang and Wolf (1990). 
However in many situations, it is quite possible that along with a burst 
due to lightening or some other reason, some random errors are also 
introduced in a message because of normal noise factors. In such 
situations, even the use of burst-error-correcting codes may not solve 
efficiently the problem of receiving messages correctly, as a code 
correcting bursts of length b or less fails to correct even a small number 
of random errors, if these lie outside a burst of length b. It may appear 
that in such cases codes correcting bursts of suitably larger lengths, so 
that random errors also included in bursts, may be appropriate. But 
these codes will not prove elegant particularly in situations, where 
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lengths of bursts and the number of random errors outside a burst are 
small and such random errors are separated from the burst by 
comparatively large number of positions. To correct such errors, codes 
formulated in terms of only bursts use more parity-checks than are 
sufficient in a code suitably formulated in terms of random and burst 
errors simultaneously. 

Codes detecting/ correcting random errors and bursts with or without 
weight constraints have earlier been studied for Hamming metric by 
Sharma and Dass (1977), and for Lee metric by Sharma and Goel (1977). 

In Section 5.2, we derive upper bounds on sufficient number of parity 
checks required in codes detecting/correcting random errors and bursts 
with class-weight constraints, simultaneously and separately. First, 
more general results i.e. results concerning bounds for codes 
detecting/ correcting random errors simultaneously with low-class-weight 
bursts (bursts having class-weight less than or equal to a pre-assigned 
number) are established. Then other results are derived as corollaries of 
the corresponding results already established. 

5,2 Codes Detecting/ Correcting Random and Burst Errors 

In this section, we obtain upper bounds on the sufficient number 
of parity-check digits for the existence of codes that 

i) have minimum class-weight at least Wi and have no burst of 
length b or less which is of class-weight W 2 or less as a code 
word. 
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ii) have minimum weight at least Wi and correct all bursts of 
length b or less that are of class-weight W 2 or less, 

iii) correct all random errors of class-weight Wi or less 
simultaneously with all bursts of length b or less that are of 
class-weight W or less 

Theorem 5.1: Given a P-partition Pi = of Zq, q prime, 

determining the class-metric under consideration in the space of n- 
tuples over Zq and positive integers Wi, W 2 and b such that 
Wi < W 2 (m-l)b; a sufficient condition that there exists an (n, k) linear 
code with minimum class-weight at least Wi that has no non-zero burst 
of length b or less which is of class-weight W 2 or less as a code word is 

a"”'^ > ■■■ 


where 

1,1^1 


and 2 , are given by (3.19) and (3.26) 


Proof As in the previous chapter, the sufficient condition would Mow by 
examining the possibilities of constructing an (n-k) X n pari^-check matrix fot 

the desired code. 

Select a nonzero (n-k)-tuple as the first column of the parity-check 
matrix. After having selected G-1) columns, column hj can be added in 
the parity-check matrix provided that it fulffils the two requirements laid 

down below. 
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As a first requirement, since the code has minimum class-weight 
at least Wi, the column hj to be added should be such that it is not a 
linear combination of class-weight Wi-2 or less of the columns from 
amongst previously selected (j-1) columns. 


Linear combinations (nonzero) of class-weight Wi-2 or less of 
columns from amongst (j-1) columns can be had in 


v(J-i) 


-1 


... (eq5.2) 


ways. 


Next, since the code does not have any burst of length b or less 
that has class-weight W 2 or less as a code word, therefore hj should not 
be a linear combination of class- weight W 2 -I or less of columns from 

amongst immediately preceding (b-1) columns viz. (j-1)*, .,(j-b+l)* 

columns. As linear combinations of class-weight Wi-2 or less have 
already been accounted for in (eq 5.2), we need to compute only linear 
combinations of class-weight -1 or less but of class-weight Wi-1 or 

more of columns from amongst (b-1) columns. 

Linear combinations of class-weight W 2 -I or less and of class- 
weight Wi-1 or more of columns from amongst (b-1) immediately 
preceding columns can be had in 

...(eq5.3) 
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At worst, all these linear combinations might be distinct. Therefore hj 
can be added to the matrix if 


n-k 

q 


1 > V 


(j-i) 

VV| — 2,?^ 


1 + V 


(b-2) 

W2-l,Wp2,P^ 


... (eq 5.4) 


But for the existence of an (n, k) code, inequality (eq 5.4) should hold for 
j = n so that it is always possible to add upto n columns in the matrix. 
Therefore, an (n, k) linear code with desired properties exists satisfying 
(eq5.1). 


Corollary 5.1: In the case of Hamming metric, i.e., when m-1 = 1 and 
P\ = Ph, we have 


V(p) 







(q - 1)‘ 


... (eq 5.5) 


from (eq 3.23). 


Substituting (eq 5.5) in (eq 5.1), Theorem 5.1 takes the form; 


A sufficient condition for the existence of an (n, k) linear code with 
minimum Hamming weight at least Wi, Wi> 1, that has no nonzero burst 
of lengths b or less, (n > b), which is of Hamming weight W 2 or less 
(b> WaSiWi), is 


W .-2 

n k ir-n 

q > S 

i=0 


'^n - 1^ 


w -1 

rb - n 


(q - 1)‘ 

+ I 




j=w^-l 

V j y 


(q - 1)' 


... (eq 5.6) 
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This condition in the case of Hamming metric is already 
established by Dass (1974). 


Corollary 5.2: Similarly, in the case of Lee metric and q an odd prime, 
we have 


m-1 = {q-l)/2; Pi = PiBxid 


V(p) 



z 

s. 


1 1 


s !s 1..JS ! 

0 1 (q-l)/2 


... (eq5.7) 


where so + si + S(q-i )/2 = p 

(q -1) 

and s + 2s + ... + ■^^-— — 

1 2 2 (q-i)/2 

(from eq 3.25) 


substituting (eq 5.7) in (eq 5.1), we get, that a sufficient condition for the 
existence of an (n, k) linear code with minimum Lee-weight at least Wi, 
(Wi > 1), that has no nonzero burst of length b or less (b < n) which is of 


Lee-weight W 2 or less. 


— 11 b > w > w 

I 2 21 


is 


>2”'‘(n-l)!S 


s s !s \..s ! 

7 0 1 (q-l )/2 2 


(eq 5.8) 


2^'’’'\b-l)!l 


1 1 


1 0 1 (q-l )/2 2 
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where summation in the first expression on R.H.S. of (eq 5.8) runs over 
Si’s satisfying 


+s^ +... + s(q-l)/2 = (n-l) 


(q — 1) 

and s + 2s + ^ <w -2 

1 2 2 (q-i)/2 1 

and summation in the second expression on R.H.S. of (eq 5.8) runs over 
ti’s satisfying 

t +t+... + t =b-l 

0 1 (q-l)/2 


n — 1 

and w -l<t + 2t + -5 1 <w — 1 

112 2 (q-i)/2 2 

Corollary 5.3: The result obtained in Theorem 5.1 has been proved for 
Wi < W 2 . However if Wi > W 2 , then the burst criterion becomes 
redundant and 

=0 from (eq3.26) 


Then the condition (eq 5. 1) in the theorem reduces to 


n-k ..(n-l) 

q > V 

wj-2.?| 
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which is Varshamov-Gilbert-Sacks-Type bound for a linear code having 
minimum class-weight at least Wi {c.f. Theorem 4.7, Peterson and 
Weldon, 1972). 

Corollary 5.4; If we relax the class-weight constraint imposed over the 
code, i.e., if we set Wi = 1, then 

= 0 ... (eq5.9) 

-i.p, 

from (3.20). 

Then the inequality in (eq 5.1) reduces to 


This coincides with the result obtained in Theorem 4.8 for the existence 
of an (n, k) code having no burst of lengths b or less which is of class- 

weight W 2 or less as a code word. 


CoroUary 5.5; Relaxing the class-weight constraint imposed over bursts, 
i.e., setting W 2 = (m-l)b, then 


V 


(b-i) 


_2,?’ ^{m-l)b-l,Wj-2,?’, (m-l)((b . l),Wj 2,?’ 


(b-1) 


V 


(b-1) 




(b-1) .^(b-1) 


... (eq 5.10) 


Using (eq 5.10 in (eq 5.1) we get 
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... (eq5.ll) 


n-k 

q 


> V 


(n-l) 


+ q 


b-l 


V 


(b-l) 


Hence (eq 5.11) gives a sufficient condition for the existence of an (n, k) 
linear code with minimum class- weight at least Wi and having no burst 
of length b or less as a code word. 

Corollary 5.6: Relaxing the class-weight constraints imposed over the 
code as well as over bursts, i.e., setting Wi = 1 and W 2 = (ni-l)b, by using 
(eq 5.9) and (eq 5.10) in (eq 5.1), the inequality in (eq 5.1) reduces to 

n-k b-l 

q > q - 


This coincides with the result obtained in Corollary 4.5 for the existence 
of a code having no burst of lengths b or less as a code word. 

Next, we come to codes capable of detecting random errors upto a 
given class-weight and correcting burst errors with class-weight 
constraints. 


For the proof of the main result, we need of the following lemma; 


Lemma 5.1: Given a P-partition Pi = {Bo,Bi, of Zq, determining 

the class-metric under consideration in the space of (j-b)-tuples over Zq, 
q prime, the number of bursts of length b or less with class-weight P 2 > 

1, is 


(j-b) 


B 


minfb, j-b} x 

+ 2 0-b-f + l) S 

f=2 2</+r<p, 

/,/'>! 


B, 


B. 


(f-2) 


... (eq 5.12) 
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where is the number of elements of Zq having class-weight s and 
is given by (eq 3.18). 

Proof: Number of bursts of length 1 having class-weight P 2 is easily seen 
to be 

(j-b)B ... (eqS.lS) 

P2 

Also, any burst of length f, 2 < f < min {b, j-b}, has 

(j-b-f+1) ... {eq5.14) 

starting positions in the space of (j-b) -tuples. 

A burst of length f with class weight P2 and starting from say position 
has nonzero elements of class-weights I and t,{l, t > 1; 2 < l+t < P 2 ) in r^^ 
and (r+f-1)* positions. Number of choices for r^^ and (r + f - positions 

is 

X b||b, ... (eqS.15) 

nl ^ 

The remaining (f-2) positions viz. (r+l)® (r+f-2)<i- of the burst should 

have class-weight equal to (so that the class-weight of the burst of 

length f is P2)> number of choices for which is 
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... (eq5.16) 


P2 

Thus denoting an expression by its number, the total number of the 
required bursts is equal to 

b 

{eq5.13)+^ (eq5.14) (eq5.15)(eq5.16) 

/=2 

Now we come to the main result in which we obtain an upper bound on 
the number of check digits sufficient for the existence of an (n, k) linear 
code having minimum class- weight at least Wi which is simultaneously 
capable of correcting all bursts of length b or less that are of class-weight 
Wa or less. 

This result generalizes Varshamov-Gilbert- Sacks bound and results due 
to Campopiano (1962), Sharma and Dass (1977). Also, it is an extension 
of Theorem 4.11. 

Theorem 5.2: Given a P-partition Pi = ,Bm-i} of Zq, q prime, 

that determines the class-metric under consideration in the space of n- 
tuples over Zq; and positive integers Wi, Wa and b such that 
Wi < 2Wa < 2(m-l)b, and n < 2b, a sufficient condition that there exists 
an (n, k) linear code with minimum class-weight at least Wi that corrects 
all bursts of length b or less that are of class-weight Wa or less, is 
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where 

0<Pl <W2- 1, 0<P2<W2, 
d = max. {Wi - 1, W 2 } 

and 

0<r, <w,-/-l,l<r, <2w,-/-l;0<r <w-l, 

r, +r >w w -2<r +r +r <2^ 

1 < ^ min|n - 1, - 1) 

and 
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^(n) ^(n) 3.19), (eq 3.26) and (eq 3.18) 

t,?’ ‘i’‘2’^l '’^1 

respectively. 

Proof: As before, choose a nonzero (n-k)-tuple as the first column of the 
(n-k)xn parity-check matrix H. Subsequent columns to H should be 

added in such a way that after having selected j-1 columns hi,h 2 , ,hj.i 

suitably, a nonzero {n-k)-tuple can be added as column to H, if it 
fulfills the two requirements laid down below. 


As a first requirement, since the code is to have minimum class-weight at 
least Wi, the column hj to be added should be such that it is not a linear 
combination of class-weight Wi-2 or less of the columns from amongst 
the previous columns. That is, 


( 




h ^ 
j 


a h 
‘i h 


+ a. h 
'2 *2 


+ ... + a h 


sy 


... (eqS.lS) 


Where R.H.S. of inequality (eq 5.18) is a nonzero linear combination of 
class-weight Wi-2 or less of the columns from amongst the previous 
columns. The number of ways in which such linear combinations, 
(nonzero) can be had, is given by 


-1 ...(eq5.19) 

Next, since the code is required to correct all error patterns which are 
bursts of length b or less that are of class- weight W 2 or less, we must 
ensure that hj is not a sum of a linear combination of class-weight W 2 -I 
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or less of the columns from amongst preceding b-1 columns and of a 
linear combination of class-weight W 2 or less of the columns from 
amongst any b consecutive columns taken out of previous j-1 columns. 


In other words, hj can be added provided that in addition to (eq 5.18), we 
have 



/ 





h 

b h 

+ ... + b h 

4* 

c h 

+ ... + c h 

j 

1 . h H 

j 


1 Xj *^1 

k k 
u u y 


... {eq5.20) 


Where b h + ... + b h is a linear combination of class-weight W 2 -I 

Si Si gt gt 

or less of columns from amongst h . , , ...,h. and also 

j-b+l, j-l 

c h + ... + c h is a linear combination of class-weight W 2 or less of 

columns from amongst any b consecutive columns out of the previous j- l 
columns. 

Since all possible linear combinations of class-weight Wi-2 or less are 
already accounted for in (eq 5.19), the coefficients bg’s and Ck’s should be 
so chosen that the sum of their class-weights is at least Wi-1. To obtain 
the number of all possible distinct linear combinations, we analyse the 
following three different cases: 

Case I: When the hk’s are taken from the first j-b columns 

In this case we choose bg’s having sum of their class-weights equal to the 
number Pi and Ck’s having sum of their class-weights equal to P 2 such 
that Pi + P 2 ^ Wi-1. The largest values, which Pi and P 2 can have, are 
W 2 -I and W 2 respectively. 
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Therefore, 


Wi-1 < Pi + Pa < 2 W 2 - 1 

Now bg’s with sum of their class weights equal to Pi can be chosen in 

A (b-1) 

A ...{eq5.21) 


ways. 


To choose Ck’s with sum of their class-weights equal to P 2 is equivalent to 
evaluating the number of bursts of length b or less with class-weights P 2 
in a vector of length (j-b). The required number, given by the Le mm a 5.1, 
is 


(j-b) 


B 


iniii{b,j-b} 

+ 2 (j-b-f+i) 

f=2 


2S/+/'apj 

1,1'^ 


B B 
; 




... (eq 5.22) 


ways. 

Case II: When the hk are taken from the immediately preceding (b-1) columns. 

In this case, we have to select the coefficients bg’s and Ck’s, which have 
sum of their class-weights 2 W 2 -I or less from amongst b-1 components. 
Keeping in view the possibilities considered already, the additional 
number of ways in which these can be selected are 

{eq5.23) 
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where d = max [wi-l,W2]. 


Case III: When hk’s are selected from h , h h such that all are 

j-2b+2’ j-2b+3 j-1 

neither taken from h ,h nor from h ,h . 

j-2b+2’ j-2b+3’ j-b j-b+l’ j-b+2’ ’ j_i 


In this case, let us suppose that the burst starts from (j-2b+k+l)'* 
component and continues obviously to (j-b+k)th component. Also let the 
nonzero entry in (j-2b+k+l)t*i position has class-weight h. Then number 
of choices for (j-2b+k+l)* component is obviously 



... (eq 5.24) 


Our object is to select nonzero components from j-2b+k+2, 

j-2b+k+3, ,j-b+k<^ positions having sum of their class weights 

W 2 -h or less together with nonzero components from 

j-b+l, j-b+2, ,j-l*^ positions, having sum of their class-weights W 2 -i or 

less. 

In order to do so, let us choose nonzero components from 

j-2b+k+2,j-2b+k+3, ,j-b* positions having sum of their class-weights 

r or less; from j-b+l, j-b+2,......, j-b+k* positions having sum of their 

'/I 

class-weights r or less, and from j-b+k+1, j-b+k+2, , j-1* positions 

h 

having sum of their class-weight r or less, where 
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1< / < minim -l,w - 40 <r <w -/-I, l<r 

1 '■ 2^1 2 1 ’ 2 , 

1 . 1 

0 < r < w - 1 
3 , 2 


< 2w - 1 - 1, 

2 1 ’ 

(eq5.25) 


Keeping in view situations considered in Case I and Case II earlier 
r , r , r should further satisfy 

I , Z, Jf 


r + r > w^, w - 2 < r + r + r < 2w, - / - 1 
2 , 3 , 2 ’ 1 1 , 2 , 3 , 2 1 

/, /j 


... (eq 5.26) 


Such a selection of coefficients from (j-2b+k+l)‘b position and from 
(j-2b+k+2), (j-2b+k+3), , (j-1)*^ positions gives us 


b = l 


I s I 


k = I 


/ =1 


B 


A 


(b-k-l) A (k) 


(b-k-1) 


r 


\ ■ 


A' 


... (eq 5.27) 


Where r ,r andr satisfy the constraints given by (eq 5.25) and 
(eq 5.26). 

Thus, from (eq 5.19), (eq 5.21), (eq 5.22), (eq 5.23), (eq 5.27), the total 
number of choices of coefficients is 


P^ + P2=2w2-1 

(6.19) + I (6.21)(6.22) + (6.23) + (6.27) ... (eq 5.28) 

PrP2 

Pi+P2=wri 

Where an expression is denoted by its number. 
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n "" k 

If the number q - 1 of all nonzero (n-k) -tuples is greater than this, 

then certainly a vector hj can be added as j* column (j < n) for all choices 
of the coefficients, i.e., hj can be added provided that 

q"”*' - 1 > {total number of combinations in (eq 5.28) ... (eq 5.29) 

But for an (n, k) linear code to exist, inequality (eq 5.29) should hold for 
j = n, so that it is always possible to add n^ column to the matrix. 


Therefore, an (n, k) linear code with desired properties always exits 
satisfying (eq 5.17). 

Remarks: For Hamming metric, the result corresponding to that of 
Theorem 5.2 has been obtained by Sharma and Dass (1977). It can be 
obtained by making the following substitutions in the statement of 
Theorem 5.2: 


m-1 = 1, Pi = Ph = {Bo, Bi}, Bi = {l,2,...,{q-l)} 








(q - 1) 


_ y(P'> = y 

t,Pj t,P^ t\ 


( p^ 




(q - 1)' 


B 


B 

i 


1 


q-1 
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Also, the result for Lee metric and q an odd prime, corresponding to that 
of Theorem 5.2 can be obtained by making the following substitutions in 
the statement of Theorem 5.2: 


m-l = (q-l)/2, P = P ={B,B 

1 L ^01 


B 

(q-l)/2 


}, B, = 

I 


and 


A 


(p) _ a(p) 




t,p, 




1 


1 


s !s !.js ! ^^0 

0 1 (q-l)/2 2 " 


where + s, + ... + = p 


and 


_ (q - 1) 

s + 2s +... + — — 

1 2 2 (q-i)/2 


and 


v<« =vW =iA<« 

*’'] '’'L i=l ‘’'L 


and 



Corollary 5.7: The result of Theorem 5.2 has been proved for Wi < 2 W 2 . 
If we take Wi > 2 W 2 , the minimum class-weight of the code becomes at 
least 2W2+I, then the code is capable of correcting errors of class- weight 
W 2 or less and hence, in particular, all burst of length b or less that are 
of class- weight W 2 or less. Thus the burst criterion becomes redundant 
and the bound in (eq 5.17), because of the conclusions of (i), (ii) and (iii) 
below reduces to the Varshamov-Gilbert-Sacks-Type bound viz. 
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as obtained in Section 3.4. 


n-k 


> V 


(n-l) 




The bound has been obtained fronl (eq 5.17) by making of the following 
three conclusions based on Wi > 2 W 2 viz. 

i) the condition - l<p^ + p^ -1 cannot be satisfied along 

with wi > 2 w 2 by any pair of positive integers Pi and P 2 and hence 




P,^P. 




A(b-.) 

P \P 




(n-b)Bp +2;(n-b-f + l) X 


f=:2 


2<i+r^p^ 

i,r^\ 


B 


B 


(f-2) 

9,-i-r,p, 


= 0 


(ii) d = max|w^ - 1, w^ | = w^ - 1 


therefore 


= number of (b-l)-tuples having class- 

2w2-l,d-l,?’ 2 w2-1,Wj-2,Pj 

weight more than Wi-2 and less than or equal to 2 W 2 -I = 0 


and 


iii) the condition 


w. 


2 < r + + r < 2w. - / - 1,/ > 1 

1 , 2 , 3 , 211 
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( 


cannot be satisfied by any triplet 
> 2 W 2 and therefore 




V '1 '1 hj 


in view of the inequality Wi 


b~l 


m»l 


Eli 


k = l 




'/ ’ 
n q 


B 


A 


(b-k-i) 




^(k) ^(b-k-i) 

^ 2 , 


= 0 


Corollary 5.8: Relaxing the weight constraint imposed over the code i.e., 
putting Wi = 1; Pi + P2 would take values from 0 to 2 W 2 -I. Then 
condition 0 < Pi + P2 ^ 2w2- 1 along with 0 < Pi < W 2 - 1 , 0 < p 2 ^ W 2 implies 
that the joint summation involving Pi, P2 on two factors in (eq 5.17) 
would split into two separate summations giving 


W^-1 

\ a"”‘' = v"”” 

Pj.O 


and 


'^2 

s 

P2=0 


(n-b) 


B 

P 2 


b 

+ I(n 

f=2 


b - f + 1) E 

2</+/'<p* 

/,/’>! 


B 


B. 


(f-2) 


= number of bursts of length b or less that are of class weight W 2 or less 
including the pattern of all zero in the space of (n-b) -tuples 


1 + i I (n - b - i + 1) - 2A^;:’^ + 


i=ij=i 




}.Pi i.P, 


1 


(c.f. Lemma 4.2' and Theorem 4. 1') 
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Also, as 


d = maxjw -1, w f=w 
\ ’ 2 > 2 

2w2»l,d-U?> 2w^-l,;z3 

The bound in (eq 5.17) thus reduces to the result obtained in Theorem 
4.11 for an (n, k) linear code that corrects all bursts of length b or less 
that are of class-weights W 2 or less. 


Next, relaxing the class-weight constraints imposed over burst to be 


corrected, i.e. setting W 2 = (m-l)b, so that expression in (eq 5.17) is valid 


among other conditions, for 


r +r >w =(m-l)b ... {eq5.30) 

2. 3. 2 


But, since the number of components out of which r 2 + ra can be chosen 
is (b-1), therefore 


r +r Hm-l)(b-l) 


... {eq5.31) 


In view of (eq 5.30) and (eq 5.31), there cannot exist any r 2 and ra and 
hence 


b-1 


ESI 

•‘"i 'r' \ 'S 'h, 

'1 'i h 


B 


^(b-k-I)^(k) ^(b-k-l) 

h h M 
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Also 


d = max[w^ - 1, (m - l)bj 


Therefore d-1 > (m-l)b-l. 


As no (b-1) -tuple, can have class-weight more than (m-l)(b-l) and hence 
more than d-1, therefore 

= 0 

2w2-l,d-l,JZ| 


Thus, in case there is no class-weight constraint over bursts. 
Theorem 5.2, in view of the preceding discussion reduce to 


Corollary 5.9; Given a J®-partition P\ = {Bo,Bi,...,Bm-i}, of Zq, q prime, 
determining the class-metric under consideration in the space of n- 
tuples over Zq and two positive integers w and b such that W < 2{m-l)b 
and 2b < n, a sufficient condition that there exists an (n, k) linear code 
having minimum class-weight at least w that corrects all bursts of length 
b or less, is 


^ w-2,?» „ „ Pi-!^ ' 

1 pj.pj n I 


B 


P2 


Pj+P2=w-1 


+ I(n-b-f + 1) I 

f=2 2</+Z'^p2 

/,rsi 


B 


B. 


A 


(f-2) 
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The above corollary in the case of Hamming metric reduces to a result 
due to Sharma and Dass (1977). 


Corollary 5.10: Relaxing the class-weight constraints imposed over the 
code as well as over the bursts i.e. setting Wi = 1 and Wq = {m-l)b, then 
from the considerations as given in Corollaiy 4.9 and in Corollary 5.8 
and Corollary 5.9, the result obtained in Theorem 5.2 reduces to 
sufficient condition for the existence of an (n, k) linear code that corrects 
bursts of length b or less to 


q”-'‘ >q"<'’-'>[(q-lXn-2b + l) + l] 

Which has been already reduced as Corollary 4.9 in this thesis and was 
given originally by Campopiano (c.f. Theorem 4.17, Peterson and Weldon, 
1972). 


We have stated in Chapter II that the random class-error correcting 
capability of a code depends on its minimum class-weight. More 
precisely, a code with minimum class-weight w or less is capable of 


correcting all errors patterns of class-weight 


w - 1 
2 


or less. 


But this is 


true when the code is to correct random errors only. However, if the code 
is to correct burst errors also in addition to random errors, then a code 
with minimum class-weight at least w may fail to correct all random 


errors of class-weight 


w - 1 


or less. The reason for the failure is that 


the syndrome corresponding to a burst error may be the same as the 
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syndrome corresponding to a random error-pattern of class-weight 


w - 1 
2 


or less. 


For similar reasons the codes considered in Theorem 5.2, which detect 
all error patterns of class-weight Wi-1 or less that correct all bursts of 
length b or less which have class-weight W 2 or less may not serve to 


correct all random errors of class-weight 


w 


1 


or less simultaneously 


with all bursts of length b or less that are of class-weight W 2 or less. 
Therefore, the codes correcting later type of error-patterns have to be 
considered separately. In the next theorem we obtain upper bounds on 
the sufficient number of parity-check digits for the existence of such a 
code. 


For the main result we need the following 


Lemma 5.2: Given a /^-partition, Pi = {Bo,Bi,....,Bm-i}, of Zq q prime, 
determining the class-metric in the space of (j-l)-tuples over Zq, the 
number of bursts of length b or less with class-weight Pi > 1 is 


(j-1) 


B 


min{ b,i- 

+ I (j 

f = 2 


f) I 


2^/+/’5p 

U"2:l 


B 


B 


A<-^) 



where A is given by (3.18). 

Proof: Number of bursts of length 1 having class-weight Pi is seen to be 
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... (eq 5.32) 


(j-l)B 

I Pi 

Also, any burst of length f > 2, f < min {b, j-1}, has 

(j-f) ... {eq5.33) 

starting positions. A burst of length f with class-weight equal to Pi and 
starting from say position has non-zero elements of class-weights say I 
and f, (1^1, r>l, 2 < in r^and (r+f-l)* positions. Number of 

choices for r^i* and (r+f-1)* Position together is 

I B |b ...(eq5.34) 

2il+l'ip. ' ' ' 

/,/'>! 

The entries in the remaining (f-2) positions viz. 

(r+l)*!^, (r+2)*, ,{r+f-2)th of the burst should have sum of their class- 

weights equal to Pi-l-l (so that the class-weight of the burst of length f is 
Pj), the number of choices for such entries is 

^ ... (eq 5.35) 

Thus, denoting an expression by its number, the total number of desired 
bursts is equal to 

(6.32)+ I (6.33)(6.34)(6.35) 

f=2 
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Now we come to the proof of the main result. 


Theorem 5.3; Given a ^’-partition Pi={Bo,Bi>-v3m-i} of Zq, q prime, 
determining the class-metric under consideration in the space of n- 
tuples over Zq, and positive integers Wi, W 2 and b such that Wi < W 2 < 
{m-l)b, 2b < n, a sufficient condition that there exists an (n, k) linear 
code that corrects all combinations of class-weights Wi or less and 
bursts of length b or less that are of class-weight W 2 or less, is 


> V 


(n-l) 


Pi+Pj 


s W + W -1 


+ 


z 


Pi -"P i 



(n - 1) B 


= 2 w. 


1 


+ "t‘(n-f) S 1 b,B 

f=2 2Sl+l'<p/ 


A 


(f-2) 

Pl-l-l',?! 


+ V 


(b-l) ^(n-b-1) ^ 




(n-b) Z 


Pi=w,+ll 


+ 


x(n-b-f+i) z KlKi 

2£; + /'fiP '?, = '*',+! > ' ' 
U'ai 


(eq 5.36) 


b-l n^l „ 

+ , + r s r 

2w,-!,w,+W2-Uq k=l A ’h, ’*^3, 

2 h h h 


B. 


^(b-k-i)^w A'”-''-'’ 

'i n 


■where 0 


<Pi<W2,0<P2<wi - 1 


2 1 "3, 


0<q^ Sw^-1 


1 


n 
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r +r >w,w+w-l^r +r +r <2w-/-l 

2 , 3 , 2 1 2 1 , 2 , 3 , 2 1 

1 1 1 1 

1 < /^ < min'p - 1, - l| 

Proof: As before, the sufficient condition would follow by examining the 
possibilities of constructing an (n-k) x n parity-check matrix H for the 
desired code. 

Select a nonzero (n-k) -tuple as the first column of the parity-check 
matrix. After having selected j-1 columns, j* column hj can be added in 
the parity-check matrix if it fulfills three requirements laid down below. 

As a first requirement, since the code is to correct all error-patterns of 
class-weight Wi or less, the column hj to be added should be such that it 
is not a linear combination (nonzero) of class-weight 2Wi-l or less of the 
columns from amongst the previous j-1 columns, which can be chosen in 

v"-” -1 ... (eqS.37) 

2wi-U^ 

ways. 

Next, since the code is to correct all bursts of length b or less that are of 
class-weight W 2 or less along with all error-patterns of class-weight Wi or 
less, therefore the syndrome of any burst of length b or less which is of 
class-weight W 2 or less should not be equal to that of any error of class- 
weight Wi or less. 
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Inequality (eq 5.38) below assures that the syndrome of any error pattern 
of class-weight Wi or less is not equal to that of any error pattern which 
is a burst of length b or less having class-weight Wa or less out of j 
components except in the particular case when the burst pattern 
includes the last component (i.e. component) and at the same time the 
random error-pattern of exactly class-weight Wi having been selected 
from the first j-b-1 components, which is now taken care of by the 
inequality (eq 5.39). 


Therefore, the second requirement on hj is that 


h ^ a h. 4-ah -f-... -i-ah -i-bh +.., -t-bh 


i i / \ k k 

a a / V I • 




... (eq5.38) 


and 



/ 

> 


f 

■N 

h 

c h + ., 

.. + c h 

+ 

d h +.. 

.. + d h 

j 

1 h h 



t ‘1 h 

*p ‘pj 


... (eq 5.39) 


where a h + + a h is any linear combination of class-weight W 2 or 

'1 '1 'a *a 

less (> 2) of the columns from amongst a set of b consecutive columns; 

bh +bh+... + b h is a linear combination of class-weight Wi- 
h '^1 ^2 h '‘p ""p 

1 or less of columns from amongst h , h , h ; c h -t- ... + c h is a linear 

1 2 j-l s, s, s; 

combination of class-weight W 2 -I or less of the columns from amongst 
h h h and d h -t- ... + d h is a linear combination of 

j-b+i’ j-b+2’ ’ H tp tp 

class-weight Wi of the columns from amongst hi, h 2 ,... .,hj-b-i. 
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Since all possible linear combinations of class-weight 2Wi-l or less of 
every combinations of columns are included in (eq 5.37), therefore we 
should choose coefficients in (eq 5.38) and (eq 5.39) such that 


w -hw-l^Tw (a) + y'w (b)>2w 
2 1 ^ ^ 1 


and 


w -l>yw (c)>w 
2 ^ 1 


... (eq 5.40) 


In order to do so let 


Iw^(a.) = p, and Iw^(b, ) = p 


> M 


P^' k' * 2 


such that 


w +w -l>p-Hp > 2w ... (eq5.41) 

2 1 ^2 1 

The largest values which Pi and P 2 can attain are W 2 and Wi-l 
respectively. 

Now ai’s, w^hich form a burst of length b or less having class-weight Pi in 
a vector of length j-1, can be selected, by the Lemma 5.2, in 
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(j 


1) 


... (eq5.42) 


B 


min{ b. j-U 

+ S<j-o s 

f = 2 2S/ + ;'Sp 

/./■ai 


B 


B 




bk’s having sum of their class-weights equal to P 2 in (j-l)-tuple space 
caL:32 be selected in 

... (eq5.43) 

P2.q 

W 

I^Xirther Cs’s can be chosen in 


v(b-i) 


... {eq 5.44) 


ways, whereas the number of ways in which dt’s can be selected is 

...(eq5.45) 

From (eq 5.42), (eq 5.43), (eq 5.44) and (eq 5.45), the total number of 
choices of coefficients meeting the second requirement is 
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P,+p,=Wj + w,-i r 

I A":: 0-1) 


p +p, = 2w 


B 


min i j~ l,b} 

+ Z o-f) z 

f = 2 2S/+/'£p 


B 


B 


,A(f-2) 


+ V 


(b-i) 


A 


(j-b-l) 


•"l-'.Wi-l.Pj Wj,?’ 


... (eq 5.46) 


The third and last requirement on hj is to be determined keeping in 
view that syndromes of any two bursts of length b or less that are of 
class-weight Wa or less must be distinct. Therefore, the third 
requirement is that 






/ 


h. ^ 

e h 

+ ... + e h 


f h 

+ f h 

j 

1 

U U j 



^9 J 


... (eq5.47) 


Where e h -+-... + e h is any linear combination of class- weight W 2 -I 

U U 

or less of the columns from amongst h. , .h. h. , and 

° J-b+l j-b+2’ ■ j-1 

f h + ... + f h is any linear combination of class-weight W 2 or less of 




'^e ''e 


columns from a set of b consecutive columns out of all previous j-1 
columns. We analyse this situation in three different cases. 

Case I: When hv’s are taken from the first j-b columns. In this case, 
keeping in view the situations considered earlier, Cu’s and fv’s should be 
such that 
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... (eq5.48) 


y w (e ) > w and w >yw (f)>w+l 

Pj 1 2 ^ 1 


The number of eu’s satisfying (eq 5.48) is given by (eq 5.44) whereas fv’s 
which form a burst of length b or less with class-weight Wi+l or more 
but of class-weight W 2 or less in a vector of length (j-b) can be chosen 
(refer Lemma 5.2) in 


(j-b) Z B 


•'ll 


min{bj-b} 


+ I (j-b-f + l) I B B I 

f=2 2</+/’<p^ ' ' P^=Wj+l 


.. (eq 5.49) 


ways. 


Thus, number of choices of the coefficients in Case I is 


(j-b) I B 


min{b,j-b} 


.. (eq 5.50) 


+ I (j-b-f + l) s B, B^ I A*:- ^ 

f=2 2:S/+/'<p, ' " ' p, =w,+l Pi \ ’ 
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Case 11: When hv’s are taken from the 


h ,h h 

j-b+r j-b+2’ j-i 


immediately preceding b-1 columns 


In this case, we have to select the coefficients eu’s and fv’s, having sum of 
their class-weights 2 W 2 -I or less from amongst b-1 components. 
Keeping in view the possibilities considered uptil now, the additional 
number of ways in which these can be selected are 


V(b-i) 


...(eqS.Sl) 


Case III; When hv’s are taken from h ,h h such that all are 

j-2b+2 j-2b+3 j-1 

neither taken from h ,h h nor from h ,h h 

j-2b+2 j-2b+3 j-b j-b+l j-b+2 j-1 

Considering the same situations as in Theorem 5.2, it suffices to evaluate 

the ranges of r , r , r , which may be taken as follows: 

1 . 2 . 3 . 

n n n 

0<r<w-/-l, i<r<2w-/-l, 0<r <w-l, 

t, ^ \ ^ ■ /v ^ 

+r >w w + w -l<r +r +r < 2w - / - 1 

1 < / < min{m - 1, w - 1} -• (eq 5.52) 

Thus, the number of coefficients in this case is 
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b-1 m-l 

E E 

k = i /j=! 




I M'v^. 


(eq 5.53) 


Where /j,r ,x^ ,r^ satisfy (eq 5.52). Thus from (eq 5.37), (eq 5.46), 


/ / '^1 

1 h 1 


(eq 5.50), (eq 5.51) and (eq 5.53) total number of (nonzero) linear 
combinations is 


1+ S' Al't a-i)B. 


p,.p, 

P,+P, = 2w, 


+ S (j-f) S B B a' > 

f=2 25/+/'<Pi [ ' ‘ Pi-'-O*®! 


Wa-l.Wj-i,?’ Wj.pj 


A^rt"’^+ (j-b) E 


Pj=Wj+ii n| 


niro I 


+ s ' (j-b-f+i) S b,b,, e 


Pj=Wj+l 1 i 


b-1 m-l 


s s s b , a : 


(b-k-l)^(k) ^(b-k-1) 


2w^-l,w, + w^-l.P, " _ _ 

I h 2, 3, 


f , h -^1 '■3 -^1 

>1, ' ‘ \ 


... (eq 5.54) 


for j < n, column hj can be added in the matrix provided that 
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... (eq5.55) 


n.”ic 

q -1 > total number of combinations in (eq 5.54) 

But for the existence of an (n, k) code, inequality (eq 5.55) should hold 
for j = n so that it is always possible to add n^^ column to the matrix. 
Therefore an (n, k) linear code with desired properties always exists 
satisfying (eq 5.36). 

Remarks: A result for Hamming metric correspond to that of the above 
theorem (c.f. Sharma and Dass, 1977) giving an upper bound on the 
sufficient number of parity-check symbols for an (n, k) linear code that 
corrects all combinations of Wi or fewer errors and all bursts of length b 
or less that are of Hamming weight W 2 or less can be obtained by making 
the following substitutions in the statement of Theorem 5.3: 

P, = ?=„ = J B, = {1,2,..., q - I}; m - 1 = 1 


and 


= 


fs) 

t 



(q-iy. v“ =2 



i = 0 



(q - 1 )‘ 


V 


(s) 

t t ,p 


Y(s) _ yCs) 


0 


if t > t 

1 2 


if t < t 
1 2 
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= q-1 


if t = 0 
if t = 1 
if t > 1 


Similarly, a result corresponding that of Theorem 5.3 for Lee metric may 
be obtained by making the following substitutions in Theorem 5.3: 


p -zz “p = J B , B B \ for (q an odd prime) 

1 L 1 0 1 (q~l)/2J 


where Bi = {i, q-i}. i = 1,2, ,(q-l)/2 


m-1 = (q-l)/2 


0 1 (q-1)/ 2 ^ 


where summation runs over Si satisfying 


so + Sl + + S(q-l)/2 = 


(q “ 1) _ t 
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if t = 0 




B 

t 


[0 


if (q - 1) / 2 > t > 1 
if t > (q - 1) / 2 


CoroUary 5.11: The result obtained in the preceding theorem has been 
proved for Wi < W2. However if we take Wi > W2 then the code is capable 
of correcting all random errors of class-weight Wi or less and in 
particular all bursts of length b or less that are of class-weight W2 or 
less. Therefore the burst consideration becomes redundant. Also then 
many expressions in (eq 5.54) become zero as shown below 


P,.P3 

Pj-fP2«2Wj 


A- a -1)1 


B 


+ I (j-f) I 

f=2 2</+r<P| 

/,/'>! 


w. 


B, 


B. 


y 

p, =W + 1 1 1 


p, + p <2 w2 

^ * 'p p 

P,+P 2 = 2 w 2 ^ 2 ’ I 




B 


+ S (j-f) I 

f=2 2</+/’<Pj 

/,/’>! 


w. 


B, 


B, 


= W . 4-1 1 I 


Pj=w,+1 


= 0 


As summation sums from Pi + P2 = 2W2 to Pi + P2 ^ 2W2 
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i - r . =0 W < W , 

W2-l,Wj-l,Pj 2 1 


Similarly 


=0 as 2w -l<w4-w -1 

2w2-I.W| + W2~"i,?| 2 12 


and 


b-1 m-i 

II I 

k-l /j-l r ,r 

'l M 'l 


B, B,, 2, = 0 

‘i ‘i 1 


as w +w -l<r +r +r <2w -/ -1 cannot be satisfied by any set 

I ^ I j ^ f J y jC 1 


I I 1 

'i n 'i 


of r ,r, ,r when w < w and / > 1. 
^/. 2,’3 2 1 1 


Therefore expression (eq 5.54) reduces to 


v(j-i) 

2Wj-l,Pj 


-1 


SO that the bound takes the form 


The result thus reduces to Varshamov-Gilbert-Sacks-Type bound 
obtained in Chapter IV, for a code correcting all error patterns of class- 
weightWi or less. 
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Corollary 5.12: Relaxing the error-correction constraint i.e., putting 
Wi = 0, the joint summation on two factors involving Pi and P 2 in the 
inequality (eq 5.36) vanishes since this splits into product of two 
separate summations and one of them viz. 



vanishes for Wi = 0. 


Further, for Wi = 0, we have 


V(b-l) ^ y(b-l) ^ .^^(b-l) 

Also as 


A("-b-o ^ 

w,,?> 


(n-b) ^ 

Pl=:Wj+l 


B 


+ i:(ii-b-f+i) s 

f=2 2</+/'^p^ 

/,/'>! 


w. 


B, 


B. 


Pj=Wi+l ‘ 1 


(eq 5.56) 


denotes the number of bursts of lengths b or less having class-weights 
(Wi+1) or more and W 2 or less in an (n-b)-tuple space. 
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Therefore for Wi = 0, (eq 5.56) reduces to the number of bursts of lengths 
b or less that are of class-weight W 2 or less in the space of {n-b)-tuples is 
given by 


W 


l+I I (n-b-i + l)^A^. 
i=i j=i 


(i) 

j.:®, 




j.Pi 




(Using Lemma 4.2’) 

and 

Y^b-l) ^ yCb-l) ^ y(b-l) _ y(b-l) 

2w2-i,Wj“l,^ 2 w2-1,W2-1,^ 

Thus inequality (eq 5.36) reduces to the sufficient condition obtained in 
Theorem 4.11 for the existence of an (n, k) linear code that corrects all 
bursts of length b or less that are of class-weight W 2 or less. 

Again, if we relax the class-weight constraint imposed over the bursts to 
be corrected i.e., putting W 2 = (m-l)b the expression (eq 5.53) vanishes 
because 

r + r > (m - l)b (by eq 5.S2) 

'1 

Where r and r are to be the sum of class-weights of entries in b-1 

2. 3w , , 

h ' 1 

places. This is impossible because out of b-1 positions, the maximum 
class-weight of the entries does not exceed (b-l)(m-l). Also for 
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w = (m - l)b; = 0 

2 2(m-I)b-l,W|+(m-l)b-l,?» 


as in {b-l)-tuple space there is no vector of class-weight Wi + {m-l)b, or 
more (Wi >1). 

Hence the theorem reduces to 


Corollary 5.13: Given a ^’-Partition Pi = of Z^, q prime, 

that determines the class-metric under consideration in the space of n- 
tuples over Zq, and two positive integers Wi and b such that Wi < (m-l)b, 
2b < n, a sufficient condition that there exists an (n, k) linear code that 
corrects all combinations of class-weight Wi or less and all bursts of 
length b or less, is 


qH-k ^ yn-o 


Pj+P2«(m-l)b + Wj-l 




+ 


Pl’P2 

Pi+P2 = 2Wj 



(n - 1) 


B 


n-1 

+ S(n-f) 

f=2 


z 

2</+/'<Pj 

U'>\ 


B, 


B. 


(f-2) 


+ V 


(b-1) 





(m-i)b 

(n-b) I 

B 

w,.P, 


Pi 


+ 2 X 

f=2 2</+/'<Pj 

i.r>i 


B, B,, 


(m+l)b 

Z 

p, =Wj+l 


(f-2) 


Pi 
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where 0 < Pi < (m-l)b and 0 < P 2 ^ Wi-1 


and 


andV^"’ andv'"^ 


t,Pi 






Are given by (eq 3.18), (eq 3.19) and (eq 3.20). 

Corollary 5.14: Relaxing the random error correction constraint as well 
as the class-weight constraint imposed over the bursts, i.e., putting Wi = 
0 and W 2 = (m-l)b, the bound obtained in the theorem reduces to 
sufficient condition for the existence of an (n, k) linear code that corrects 
all bursts of lengths b or less (refer corollary 4.8) reducing the expression 
(eq 5.36) to 

q"~'' > [(q - i)(n - 2b + 1) + 1] 


which is a result due to Campopiano (c.f. Theorem 4.17, Peterson and 
Weldon, 1972). 
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Concluding Remarks 


Ever increasing amount of data carrying multimedia information, from all 
walks of life including from the field of entertainment and education, is 
being transmitted, received and processed. 

Almost whole of the digital data is expressed in terms of only binary 
codes. However, in view of the fact that binary alphabet is very small, the 
length of the messages have to be very large. The significant advantage 
achievable by increasing the size of the alphabet, can be easily guessed 
from the fact that even if the alphabet size is increased just from 2 to 3, 
the number of words representable with 8 ternary letters is more than 25 
times of the number of words representable with 8 binary letters (3® = 
6,561 ternary words as against 2® = 256 binary words). Even if the length 
of a message is a few thousand letters - gain in using ternary alphabet is 
astronomical. And, if the size of the alphabet is taken still larger, the gain 
in terms of the number of letters required to represent messages is much 
more. 

In this work, we have suggested a method using which larger sizes of 
alphabets can be profitably used, because of the fact that for each 
practical channel using larger alphabet sets, we can find an appropriate 
metric using the method. 

Once the method suggested in the thesis, for generating suitable metrics 
for channels using larger alphabet, is in place, there is need for deriving 
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suitable encoding and decoding schemes for messages over larger 
alphabet sets. In this respect we have derived some basic results. 
However, there is enough scope for the work based on what has been 
incorporated in the thesis. 
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